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0 Introduction

In quantum mechanics, the standard approach is as follows. We have a Hilbert space
H (e.g. H = L3(R®) for a particle in three dimensions), a Hamiltonian H describing
the dynamics (like a Schrodinder operator H = —A 4 V(z) for a particle moving in a
potential V'), and the standard observables position @; and momentum P}, described by
self-adjoint operators on H. In Quantum Field Theory very loosely speaking, the main
difference concerns these observables. While we still work on Hilbert spaces and with
Hamiltonians, the Q; and Py are replaced by field amplitudes R? 3 = + ¢(z) and field
momenta R* > z + 7(x) at a point (or space time event) x. Mathematically they are
usually not described by operators but quadratic forms in H.

There are many reasons to use fields rather than particles. Often both discriptions are
equivalent and the corresponding fields admit an interpretation in terms of particles. In
such a situation it is a matter of convenience which pictures should be preferred. But
in some cases the particle point of view (or more generally spoken: the point of view of
ordinary Quantum Mechanics) is too limited and fields are really needed for a consistent
description. The most prominent example where this happens is Relativistic Quantum
Mechanics which does not exist as a consistent theory. Problematic are in particular the
following issues:

e Locality. Consider particle described by a wave function ¥ € L?(R3) and located in
the region %, i.e. supp ¥ C X. If we follow the usual rule and describe the probability
to detect a particle in ¥ C R® by [ |¥(z)[*dx the particle is located in X with
certainty. After evolving the wave function freely, and for an arbitrarily short time e
(e.g. with the relativistic Hamilton operator H = v/ P? 4+ m?2) the new wave function
1) has non compact support, i.e. the probability to find the particle arbitrarily far
away from its original position is non-zero; cf. Fig. [Il Something like this can also
happen in non-relativistic models. In those cases, however, infinite speed is not a
conceptual problem. In Special Relativity, on the other hand, it is.

U ()| t=0 | U ()| t=e>0

//\

g

Figure 1: Possible evolution of the amplitude of the wave function for some arbitrary
timestep € > 0. This however is non-consistent with special relativity, in par-
ticular the speed of light.

o Particle creation. Even in simple setups involving relativistic particles in external
potential particle creation effects can occur. If you want to describe this within
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V(x)

Reflection

\/\ Transmission

Figure 2: Klein’s result showed that if the potential is of the order of the electron mass,
the barrier is nearly transparent. Also for the dirac equation, more particles
can be reflected than were sent in because of pair production. The number of
particles not being fix cannot be described by quantum mechanics.

a model which is based on the assumption that the particle number is fixed this
leads to contradictions. A typical example is Klein’s paradox where an electron
beam hitting a potential barrier is described. Within relativistic Quantum Mechanics
we get strange behaviours of reflection and transmission coefficients which can be
explained if we involve pair creation; cf. Fig. [2l Note that dynamical changes of the
particle number can also occur in non-relativistic models (e.g. in solid state physics).
However, in the relativistic case particle creation and annihilation is the rule even
in simple cases involving only external potentials and no real interaction. It can be
avoided only if we restrict our attention to free particles.

Both problems can be resolved by fields: Firstly, in Quantum Field Theory we can localize
fields (observables) rather than wave functions (states), and secondly, fields are perfectly
capable to describe particle models where the particle number is not fixed.

0.1 About this Document

These lecture notes are based on a course I (MK) have held in autumn and winter
2017/2018 at LMU and TU in Munich. Most of the writing and editing was done by
Frederik vom Ende. In its present form (version 1.0) the document is mostly based on
notes taken directly from the black board or my handwritten preparations. Therefore
this version has a number of defects (my fault not Frederik’s): 1. Some important stuff
which I haven’t had the time to treat during the lectures (at least not in sufficient detail)
is missing. 2. The organization is sometimes suboptimal. 3. The presentation follows
sometimes (too) closely the literature I have used during preparation (you might call this
plagarism, but this is not a thesis after all ...) The plan is to deal with these problems
in future versions. Hence, wherever you have got this file from, you should look there
regularly for updated versions.
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0.2 Version History

1. Version 1.0: This version. Produced during and immediately after the lectures in
October 2017 and February 2018.
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1.1 Tempered Distributions

For this section we orient ourselves towards [RS80, Chapter V|. First we introduce the
following standard notation. For f : R* — C, o, 8 € Ny and R" 3 = = (x1,...,2,) we
denote

5 ) 5 i N glal
x’ =ax]t |a|:Zaj Df:a
j=1

z{t L Oxpn

Definition 1.1. The functions of rapid decrease, also called Schwartz functions, is the
set defined as

S (R") :={f € C[R",C) ||| fllap <0 Va,penz}

where || f]lap = sup,egn [2* D7 f(x)].

Remark 1.2 (Locally convex spaces). Let V' be a complex vector space V and (p;)jer
a family of seminormﬂ which separates points, so p;(f) = 0 for all j € I implies f = 0.
Then (V, (pj)jer) is said to be a locally convex space. A neighborhood base at 0 € V' is
given by the sets

N(jlv <o 7jm;€) = {f eV ’p]k(f> <e vke{l,...,m}}a

which can be regarded as an analogon of the family of e-balls in Banach spaces. By
translating the N'(j1, ..., jm;€) within V' we can define similar bases at each v € V. In
this way V becomes a topological space, and addition and scalar multilpication become
continuous maps. In other words, V' equipped with topology is a topological vector space.
If J =N, then we can define a metric d via

_ . -n pn(f_g)
Wa) =2 2" T g

which generates the same topology as before. If (V, (pn)nen) is complete, then it is called
Fréchet space.

The following is an easy application of the neighbourhood definition given above.

Lemma 1.3. A linear functional ¢ : V — C is continuous if and only if one can find a
finite set j1,...,Jm € I of seminorms and C € IRS' such that

[p(2)] < Cpj () + - - - + pj,. (7))

for each x € V.

®A seminorm is a norm which is not definite so for f,g € V and A € C we have p(Af) = |\|p(f) and
p(f+9) <p(f)+p(g), but p(f) = 0 does not necessarily imply f = 0.
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Proposition 1.4 (JRS80|, Theorem V.9). The vector space .7 (R™) with the natural topol-
ogy given by the seminorms || - ||o.5 is a Fréchet space.

Definition 1.5. The topological duaE] S (R™) of Z(R™) is called the space of tempered
distributions.

Example 1.6. 1. (-distribution). Consider 6, : .#(R") — C for some x € R™ where
fr=6.(f) := f(x). We then have

102(f) < sup [F(y)] = [ Fllo.;
ye[Rn
50 05 € '(R™). Sometimes it is useful to use the formal expression

flz) = A 6(x —y)f(y)dy
which involves the “delta-function” 6. When we do this it is important to keep in mind
that § really does not exist as a function, i.e. we can not evaluate it at each x € R, we
can only evaluate it “under the integral”.

2. (Measures). Consider a finite Borel measure p, so we can define pu : % (R") — C, f —
Jgn f(x)p(dzx). Continuity of this map can be shown analogously to the §-distribution
case, so pu € '(R™).

3. Let us look at this special case of the second example. For g € .(R") we can define
bg(f) = Jgn f(z)g(x) dz. Moreover, if g; # go as functions in .7, then ¢g, # ¢g,. This
embeds . naturally in ..

4. Similarly, for g € LP(R™) and p € N we have

60(1) = [ f@)gla)dr

which embeds LP < .’ in a similar way.

Remark 1.7. We equip ./(R"™) with the weak-*-topology, which is generated by semi-
norms f — |¢(f)] with ¢ € #/(R). Then, the linear subset . (R™) C ./(R") is dense and
the embedding ¢ : (R") — #/(R") is continuous. This suggests extending continuous
maps T : . — . to . as follows. If T : .¥ — . is continuous, then 1o T : .¥ — .’
is continuous as well by continuity of ¢. Since . is dense is ./, there is at most one
continuous extension of toT'. To find this extension we look for a continuous S : & — .
with the adjoint S" : %" — %', ¢ — S'(¢) and ask S’ to satisfy S'(¢) = ¢ o S. Now S’
is well-defined and continuous in the weak-*-topology. Hence S’ is the extension we are
looking for and it can be expressed as To(f) = ¢(S(f)). In other words the general strat-
egy is to apply the adjoint of T to the test function (assuming that the double adjoint
becomes 1" again).

“The topological dual is the space of continuous linear functionals acting on the vector space.
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Example 1.8. 1. Consider a C*°-function F': R®™ — C which derivatives are polynomi-
ally bounded, so there exists C € IR(T and n € N, such that

|DYF ()] < C(1+ [|l=]*)"

for all & € Nij. This means for any f € .(R") we have F f € .(R") where f — Ff
is continuous. The extension in this case then is given by (F¢)f = ¢(F f). Then

%(Ff):/ g(x)(F(ﬂf)f(I))dfCZ/ (9(2)F(2))f(x) dz = dry(f)

n n

2. Weak derivative. To extend D* to .¥”, partial integration implies that (D%¢)(f) =
(—1)lelg(D" ).

3. For the Fourier transform, we simply have ¢2(f) = (b(f)

4. f(-) = f(- — a) translation, f(-) = f(A:) with A € GL(n,R)

Example 1.9 (Heaviside function). Defining

V(x):{x x>0

0 2<0’

we get the Heaviside function via
d oo [e.@]
(o) ==ouls) == | " af@dz = [ sia)as,

which implies %qﬁy = ¢y, where

Further

d
80 7-¢9 = 0p.

Theorem 1.10 (Regularity theorem for distributions, [RS80] Theorem V.10). Let ¢ €
S (R™). Then ¢ = DPg for some polynomially bounded continuous function g : R™ — C
and some (3 € I, that is,

o(f) = / (—1)Plg(z) (DP f) () d%a

for all f € Z(R™).
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Definition 1.11 (Support). We say ¢ € .#'(R™) vanishes on an open subset o C R™ if
o(f) =0 for all f with supp(f) C o. Then supp ¢ is the complement of the largest open
set on which ¢ vanishes.

Definition 1.12. Let ¢ € .'(R"™). We say x € R™ is a reqular point of ¢ if there exists
an open neighbourhood U of x and g € C*°(U), such that ¢(f) = ¢g(f) for all f with
supp f C U. The complement of the set of regular points is called the singular support.

An easy example is the singular support of the J-distribution, which obviously only is
the zero.

Theorem 1.13 (Kernel or nuclear theorem, |[RS80|] Theorem V.12). Let B(f,g) be a
separately continuous bilinear functional on ./ (R™) x #(R™). Then there is a unique
tempered distribution T € ' (R"™) with B(f,g) = T(f @ g) where

(f & g)(xla vy Ty 41y - - 7xn+m) = f(xly cee 7$n)g(xn+1u ey xn—&-m)'
The result can easily be extended to more than two tensor factors.

Remark 1.14 (Distributions vs. tempered distributions). To get a general distribution
we have to replace Schwartz functions as test functions by smooth compactly supported
functions. One big advantage of this approach is that we can define (general) distributions
on arbitrary open subsets 2 C R™, not only on R” itself. We define

2Q)={f:Q—=C|feC*™ and supp f is compact}.

We need this in Chapter [5| where we have to restrict distributions to open sets. The
space Z(2) can be equipped with a topology which transforms it into a locally convex
space. This is done via an inductive limit construction which we skip here (cf. Sect. V.4
of [RS80] instead). We will directly proceed to the next defintion.

Definition 1.15. A generalized function or distribution is a continuous linear functional
on 2(Q). The space of all continuous linear functionals on 2(Q) is denoted by 7'().

Since we haven’t presented the definition of the topology on Z(Q2) we give the following
alternative characterization of continuity (cf. Sect. V.4 of [RS80]).

Proposition 1.16. A linear functional T on Z(R™) is continuous if and only if for each
compact K C R", there is a constant C' and an integer j such that

TN <C D 1D flloo

lal<j
for all f € C°(K).

Remark 1.17 (Distributions vs. tempered distributions II). Tempered distributions in
particular are distributions, i.e. #/(R") C 2'(R"™). They are, however, restricted to be
polynomially bounded at infinity, while general distributions can have an unrestricted
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growth. The main advantage of this growth restriction is the possibility to define the
Fourier transform for elements of ./(R™); cf. Example This is not possible for general
distributions. The latter, however, allow an easy definition of restrictions to open subsets
2 C R™. The following statement is readily verified with Proposition [L.16]

Proposition 1.18. Consider open sets A C R™ and Q C A as well as T € 2'(A). The
map Tlo : 2(Q) — C is an element of 2'(Q) called the restriction of T'.

Remark 1.19 (Distributions with compact support). A distribution 7' € 2'(Q2) with
compact support suppT C € can be easily extended to R™. We only need a smooth
function ¢ satisfying g(z) = 1 on supp7 and g(x) = 0 outside 2. Then we define
T(f) = T(gf) for any test function f € Z(R™). It is easy to see that this is a distribution
in 2’(R") and since it is still compactly supported (obviously supp T C suppT)) we even
get T C &'(R™). Hence we can Fourier transform T' (dropping the tilde) and it turns
out that suppT is compact iff T is an entire analytic function. Hence, for a general
distribution T' € 2'(2) we can choose a compactly supported function f € 2(Q2) and
look at fT'. Its Fourier transform ﬁ“ then is a smooth function on R™. This method will
be used in the following definition.

Definition 1.20. Let T,S € 9'. We say that W € 9’ is the product of T and S iff for
each x € R™, there exists some f € 2 with f =1 near x so that for each k € R™

PPW (k) = (2m) 2 | FTQ)FS(k 1) dl
-

where the integral is absolutely convergent. If such W exists, we say the product of T and
S exists.

Products of distributions will become very important for the discussion of perturbation
theory in Chapter

1.2 Quantum Fields

Let us, as a reminder, quickly go over some notation and results regarding unbounded
operators. For this, we orient ourselves towards [RS80, Chapter VIII|. Here, H is any
separable Hilbert space.

e An operator is a linear map A : D(A) — H. The subspace D(A) C H is the domain
of A. If D(A) is dense, then the operator is called densely defined.

e The graph of A is defined to be I'(A) = {(z, Az) |z € D(A)} C H x H. Then A is
called closed if I'(A) C H x H is closed.

e An operator B is said to be an extension of A if I'(A) C T'(B), we then write A C B.

e An operator A is closable if it has a closed extension. If A is closable, it has a smallest
closed extension A characterized by T'(A) = T'(A). We then say A is the closure of
A.
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e Let A be densely defined. We define

D(A*) ={z € H|FyenV.en(a) : (Az,z) = (2,9)}
and for © € D(A*) we define the adjoint via A*x := y for respective y. Note that
D(A*) = {0} is possible.

e Let A be densely defined. Then A is closable if and only if D(A*) is densely defined.
In that case, A* is closed and the double adjoint satisfies A** = A.

e A is said to be symmetric or hermitian if (Az,y) = (x, Ay) for all x,y € D(A). This
is equivalent to D(A) C D(A*) with Az = A*z for all x € D(A). Also, A is called
self-adjoint if A = A*. In particular, this means D(A) = D(A*).

e If A is symmetric, then A C A C A*. If A is symmetric and closed, then A =
A C A*. If A is self-adjoint, then A = A** = A*.

e We call A essentially self-adjoint if A is symmetric and A is self-adjoint.
For the topic of quantum fields, we refer to [RS75, Chapter IX.8].

Definition 1.21. A quantum field is a 4-tuple (H,D,®,Q) consisting of a (separable)
Hilbert space H, a dense subspace D C H, a C-linear map

o : S (R") — L(D,H),

where L(D,H) denotes the linear maps between D and H, and an element Q € D C H,
such that the following conditions hold.

(a) D is invariant, so ®(f)D C D for all f € Z(R").
(b) Q is cyclic which means that the set

Dy :{@(fl)<I>(fm)Q\f1,,fmey(R”),meN}CDCH

is dense in H.
(c) ®(f) is closable for all f € S (R").
(d) For all x,y € D, the map

L (RY) 3 fr— (2, 2(f)y)

1s a tempered distribution.
Note that Dy can replace D since Dy is also dense in H.

Definition 1.22. A quantum field (H, D, ®,Q) is called hermitian sz]
o(f) = 2(f)Ip

and if for f € S (R",R) the operator ®(f) is essentially self-adjoint on D.

5 f denotes the complex conjugate of f
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Remark 1.23 (Interpretation). A hermitian quatum field describes a special observable,
or more precisely a whole family of observables. To understand this remark a bit better
let us pretend that we can write ®(f) as

B(f) = /R f(2)®(x) da (11)

with self-adjoint operators ®(x), € R. Note that this is usually not possible and we will
discuss in Ch. how Eq. can be interpreted in a mathematical rigorous way. For now
we just look at the operator-valued field ®(z) as a formal expression for an operator-
valued distribution in the same way as the delta-function §(z) is a formal expression
for the delta-distribution dg. In doing so we can look at ®(x) as the observable which
measures the field amplitude in x € R™. The smeared out version ®(f) from Eq.
can then be regarded as the averaged field amplitude with averaging function f. This
interpretation makes it very clear that the ®(f) are local observables, i.e. they can be
measured in any region containing the support of f.

To keep this interpretation, self-adjointness of ®(f) for real-valued f is mandatory.
Mathematically, however, this self-adjointness condition is often annoying, since it is
difficult to prove. Most others drop it therefore and accept hermitian quantum fields
where the ®(f) are really only hermitian. We will see in the next section why this can
be advantageous.

Remark 1.24. Up to now we can generalize everything to manifolds by replacing .#(R™)
with

D(M)={f: M — C| fis C* and compactly supported}
for some C*°-manifold M.

Remark 1.25 (Poincaré group). The definitions presented so far are fairly general and
lack in particular any dynamical content. This will change now, when we study quantum
fields in Minkowski space. For that, let us have a short recap on some concpets and
notations.

e The Minkowski metric on R* is given by
3 - -
n(v,w) = v’ — Zvjwj.
j=1
e The Lorentz group is defined to be
0(3,1) = {A € GL(4,R) | n(Av, Aw) = n(v,w)}.

The restricted Lorentz group then is

SO™(1,3) = {A € O(3,1) | det A = 1, (eg, Aeg) > 0}.

10
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e The restricted Poincaré group PI is the semi-direct product R* x SOT(1,3). Hence

PJTr is the set, of pairs (a, A) where a € R* and A € SO'(1,3), and the group operation
is

(CL, Al)(b, AQ) = (CL + Alb, A1A2).

The Poincaré group describes transformations from one inertial system into another
by the coordinate transformation v — a + Awv.

e Now assume that 731 > (a,A) — Ula,A) € U(H), with the unitary group U(H) on
‘H, is a strongly continuoud’| unitary representation of 771 on ‘H. By strong continuity
we can define generators of the translations

. d
i EU(AGJ, 1)¢ -

Pi¢ = —
for j =0,...,3 with standard basis (e;); of R%. Here ¢ € H is chosen such that the
limit A — 0 exists. Note that U(\ej, 1)¢ is a time translation for j = 0 and a space
translation if j = 1, 2, 3. Hence P, is the Hamiltonian and P, ..., P3 are momentum
operators. With an arbitrary a € R* we get

U(a,1) =exp (z Zg:o aij). (1.2)
j=

o If a = Aey with a Lorentz transfomation A, the generator P, of the one parameter
group R >t +— Ul(ta,1) € U(H) is given by

3
P, =U(0,A)PU(0,A)" = ;P
j=0

In other words, P, is the Hamiltonian the inertial observer with four-velocity a is
seeing. The Lorentz transformation A describes the transition from “our” intertial
system (i.e. where we are at rest) into the one of observer a. Please note that ac-
cording to this reasoning the representation U(a,A) does not only describes the
transition between inertial systems, but also contains the complete description of
the dynamical structure of our theory.

e Since the translations form an abelian subgroup, the unitaries U(a,1) mutually
commute and can therefore be jointly “diagonalized”. More precisely, by the spectral
theorem ([RS80], Ch. VIT and Sec. VITL.3), there is a projection valued measurd’]

E:BRY - BH) T+ BX)

5This means that 791 3 (a,A) = U(a, A)E € H is continuous for all £ € H.
"Here, B(R*) denotes the o-algebra of Borel subsets of R* and B(#) are the bounded linear operators
on H.

11
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on R* such that

U@ = [

exp (i Y a4 ) (€ B(dNE). (1.3)
R4 -

J
Readers which are unfamiliar with measure theory should think of (£, E(d\)¢) as
E¢(X) d\ with singular (i.e. “distributional”) density function E¢(X). The latter can
be written as E¢(A) = (£, E(A)¢) with a likewise singular map F from R? into the
set of projection operators in H. Note, however, that this is a very handwaving point
of view. A mathematical rigorous interpretation requires measure theory.

Finally we define two regions o1, 02 to be spacelike separated if we can not reach o
from oo with a causal curve{gj and vice versa. This is best described in a picture; cf.

Figure 3

Figure 3: Two open regions 1,09 C R?* are
future called spacelike separated if they
are separated by the light cone so
there is no physically possible in-
formation exchange between them.
Formally this means that for any
x € 01,y € o9 we have n(x —y,z —
y) < 0.

Definition 1.26. A 5-tuple (H,D,®,Q,U) consisting of a hermitian quantum field
(H,D,®,Q) and a strongly continuous representation of the Poincaré group U is called
Wightman quantum field if the following conditions are fulfilled.

(a) (Local commutativity or microscopic causality). If f and g in .7 (R*) have supports
which are spacelike separated, then [®(f), ®(g)] = 0.

(b) (Special covariance). For each (a,\) € 731 and all f € Z(R*) we have
®((a,A), f) = Ula, A)@(f)U(a, A)",

where ((a,A), f)(z) = f(A™}(z — a)).
(¢) (Uniqueness and invariance of the vacuum). There exists a unique vector Q2 € H
such that for all a € R* we have

U(a,1)2 = .

8This means by travelling with at most the speed of light.

12
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(d) (Spectral condition). The support of the spectral measure E from Ejq. 18
contained in the forward light cone V™ = {v € R*|Vj > 0, n(v,v) > 0}.

Remark 1.27. The local commutativity condition mathematically expresses the quantum-
mechanical statement that measurements in spacelike separated regions should be jointly
measurable; cf. the discussion in Remark Note that commutation in the given form
does not guarantee jointly measurability, but it is a necessary condition; cf. in this context
[RS80|, Sec. VIIL5.

Remark 1.28 (Spectrum condition). The spectral condition means that the joint spec-
trum of P; is contained in the forward light cone, so o(Py) C Ry and the energy is positive
for all inertial systems. This can be seen very easily and without advanced knowledge
if we assume that all the P; have purely discrete spectrum. Note that this is not very
realistic from the physical point of view since the four momenta usually have continuous
spectrum and the three-momentum typically has no eigenvalues at all. It is, however,
a very simple case where measure theory is not required and therefore it can help to
understand the role of the spectral measure F and the spectrum condition.

Since the P; are mutually commuting, there exists a complete orthonormal system
(On)nen in H with Pj¢, = A\jnoy, for j =0,...,3. Defining A\, = (Aon, ..., Azn) we get

3 3 fe'e)
exp (i aP;)on = explia- M)on = exp (i3 a;P) = > €60} (nl.
j=0 n=0

J=0

where the sum is strongly convergentﬂ With this and (1.2), we see that the matrix
elements of the unitaries are given by

(z,U(a,1)z) = Z A () b))
n=0

Written as an integral, we get

(2,U(a,1)z) = /W AN TSN = An)l{@, An)[? dA.
n=0

Ex())

Another option is to use Ey = > >2 ; 0(A — A\p)|dn) (dn| which yields

(x,U(a,1)z) = /[R4 e d(x, Ext).

This expression also makes sense in the non-discrete case. The support of the spectral

This means that > 0% | €"**"|¢,)(¢n, &) converges for all £ € H

13
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measure F obviously is given by
o(E)={\,|n €N} C R
The spectral condition now demands
o(E) c Vi ={veRn(v,v) >0,2° >0},

where V is the forward light cone. Now A\, € Vi by definition means Ag, > 0, which
implies positive energy.

Remark 1.29 (Interpretation). A Wightman quantum field describes a physical sys-
tem which transforms covariantly under Poincaré tranformations (i.e. change of inertial
systems). It combines the unitary representation U(a,A) of the Poincaré group, and all
objects and concepts derived from it, like the four-momentum operators P;, j =0,...,3
(cf. Remark , with a Hermitian quantum field ®(f). The P; contain in particular
the dynamical description of the model. As observables they are not that important from
a practical point of view, since they are global, i.e. they measure the four-momentum of
the whole universe. The field operators ®(f) on the other hand are of local nature, as
pointed out in Remark [1.23] Hence they are more realisitically linked to quantities which
actually can be measured in an experiment. A typical model involving quantum fields
usually contains more than one field, describing different physical quantities or observ-
ables. For example in addition to the field ® describing field amplitudes we might want to
look at components of the energy momentum tensor, which are described by additional
fields within the same model.

The previous remark might create the impression that the fields are completely kine-
matical objects, while the dynamics is exclusively contained in the representation U(a, A).
This point of view, however, is wrong. Since a Wightman field is a spacetime field, it does
contain dynamical information. The axioms in Definition [1.26] in particular the Poincaré
covariance and the invariance of the vacuum, link the field ® and the representation
Ul(a,A) very closely together, in other words they are not independent, and the fields
contain informations about the representation U(a, A).

Remark 1.30 (Wightman axioms). We haven’t explicitly talked about the Wightman
axioms for a scalar field, because we have distributed them over Definitions
and In Def. and we find (numerations taken from |RS75], Sec. IX.8):
Invariant domain for the fields (Axiom 4), regularity of the fields (Axiom 5) and the
cyclicity of the vaccuum (Axiom 8). In Definition we have the existence of the
representation U (“relativistic invariance of states”; Axiom 1), the spectral condition
(Axiom 2), the invariance of the vacuum (“existence and uniqueness of the vaccum”;
Axiom 3), the Poincaré invariance of the fields (Axiom 6) and the local commutativity
(Axiom 7).

14
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1.3 Wightman Distributions
Consider a hermitian quantum field (#, D, ®,2) and define

W PR x o SR =€ (fiyeees fn) = (Q,8(f1) ... O(f)Q)

m factors

for any m € N. By regularity of the field, W (™) is separately continuous in all arguments
because

fl '_>< Q 7<I)(f1)q)(fm)9>
% T

is continuous, the same is true for

fa—= (2(1)"Q,2(f2) ... O(fn))
T T

and so forth. By the nuclear theorem (see Theorem , there exists a unique distribu-
tion W™ € #/(R* x ... x R") = .#"(R"™) such that

W (fL @ ... @ fm) = W (1, fm)

In particular, W™ is jointly continuous.

Definition 1.31. The W) m e N are called Wightman distributions of the quantum
field (H,D,®,Q).

The tasks now are to reconstruct a quantum field from W™ and to translate the
Wightman axioms into conditions on W™ . The solution to both tasks is known as the
Wightman reconstruction theorem

Definition 1.32. A complex vector space A is called unital *-algebra if A is equipped
with a bilinear, associative product,

AxA>(A,B)— ABe A
and an antz’linem@] involutior[] (x-operation)
A3Ar— A" e A

which satisfies (AB)* = B*A* and there exists a unit 1 € A with AL = 1A = A for all
Ac A

Definition 1.33. A functional w : A — C is called a state of A if

19This means (A + AB)* = A* + AB*.
1'This means A** = A.

15
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(a) w is linear and continuous.
(b) (Positivity). w(A*A) >0 for all A € A.
(¢) (Normalization). w(1) = 1.
Lemma 1.34. A state w of a *-algebra A has the following properties

(a) (Symmetry). w(A*B) = w(B*A).
(b) (Cauchy-Schwarz). |w(A*B)|* < w(A*A)w(B*B).
Proof idea. Look at w((AA+ B)*(AA+ B)) > 0. Otherwise cf. [BR02| Lemma 2.3.10. O

Definition 1.35. A cyclic representation of a x-Algebra is a 4-tuple (H, D, w,Q) con-
sisting of a Hilbert space H, a dense subspace D C H, a vector Q € D and a complex
linear map

7:A— L(D,D)C L(D,H),
such that the following holds for all A, B € A.
(a) m(AB) = n(A)w(B).
(b) m(A*) = 7(A)*|p.
(¢) (Cyclicity). {m(A)Q|A € A} = Dy C D C H is dense.
Again, Dy is automatically an allowed domain and actually the smallest one.

Theorem 1.36 (Gelfand-Naimark-Segal (GNS)-representation). Let A be x-algebra and
w: A — C be a state. Then there exists a cyclic representation (H., Dy, T, ), such
that

w(A) = (Qy, T (A)y,) (1.4)

holds for all A € A. If D, = Dy, this representation is unique up to unitary equivalence.
Proof. On A we define

(A, B) = w(A*B)

which is sesquilinear and positive semi-definite by Lemma but w(A*A) = 0 may
happen for A # 0. Therefore we define

I = {A € Alw(A*A) =0},

We want to show that .#* is a left ideal in A. First, .#“ is linear for the following reason.

(a) For Ae 7% X e C now
W((M) (M) = [APw(A" A)

implies \A € #¢.

16
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(b) For A, B € .#% we have

W((A+ B)"(A+ B)) = w(A*A) + w(B*B) + 2Rew(A*B) = 0.
=0 =0

It is easy to see that 2 Rew(A*B) vanishes by Cauchy-Schwarz.
Now A € #% implies |(A, B)|? < w(A*A)w(B*B) so (A, B) =0 for all B € A and thus

IY=(Aec A|lw(AB) =0 Vpea}.
Finally, .#“ is a left ideal because
w((BA)*C)=w(A*(B*C)) =0 = BAec 9*

forany A € #%, B,C € A. Now we define D,, = A\.#% and a scalar product ([A], [B]) =
(A, B) which is well-defined as can be verified readily. Our Hilbert space H then is given
by the completion of D,,, which by construction is dense in H. For A,B € A, [ € .#¥
we have

A(B+I):AB+<4}L — A(B+1I) € [AB).
6 w

Thus we can define m,, by
mw(A)[B] = [AB],

as well as Q, = [1]. Then 7,(A)Q = [A] and {7, (A)Q|A € A} = D, C H is dense.
Finally, we have to check (1.4).

(s ma(A), Q) = (], ma( A)]) = ([, [An]) = (2], [A4]) = w(14) = w(4)

Now for the uniqueness. Let (7:[, D, T, Q) be another cyclic representation which satisfies

with D = Dy = {#(A)Q}| A € A}. Define
U:D,—D  Ur,(A)Q =7(A)Q

After showing that U is well-defined and unitary, one extends it to H and sees that
UD, =D and Un,(A)U* = 7(A). O

Proposition 1.37. Consider finite direct sums
A=Cao/R") e SR"xR") & ...
with seminorms HfHSZ) = || fmllag, where

f[=HS..0fmD...0 fn

17



1 Wightman Quantum Field Theory

and fn € L (R™™), and consider the product

fa=fPvfo.. 0fleg®e.. og")
=fP2¢%e (P9 +hoi)e(fVes®+ o+ o).,

as well as the x-operation
(f)™ (1, 2m) = (T, - - 21).

Then A is locally conver space and x-algebra. Further, the operations are continuous so
A is a topological *-algebra with unit 1 =160804...60.

Definition 1.38. The A just defined is called Borchers-Uhlmann-algebra (BU-Algebra,).
The following proposition is a straightforward consequence of the definitions.

Proposition 1.39. Let (H,D,®,Q) be a hermitian quantum field with Wightman dis-
tributions W™ _ The functional

m

WO D D)= W (1.5)

a=0
is a state of the BU-Algebra.

Proposition 1.40. Let (H,D,®,Q) be a hermitian quantum field. There is a unique
cyclic representation (H, D, m, Q) such that

T(f1®...® fm) = 2(f1) ... 2(fim).
Further, 7 is the GNS representation of w from (1.5).

Proof idea. First, we define Ay C A generated by tensor products fi ® ... ® f,, which
again is a *-algebra. The representation 7 is the GNS representation of w restricted to
A by the definition of the Wightman distributions. Consider the GNS representation
(Hy, Doy 7, ) of A with respect to the state w. If we restrict 7, to Ag we get a new
representation 7. We show that €, is cyclic for @ by using the following facts:
(a) The span of tensor products f1 ®...® fy, is dense in #(R" x ... x R") by the NV
representation theorem; cf. [RS80] Theorem V.13. Hence Ag is dense in A.

(b) The representation is continuous in the sense that
(R x ... xR") > fr— (& mu(f)Y)

is in ./(R™™) (by the nuclear theorem) for all £, v € D,,.

Assume that €2, is not cyclic for 7. Then there is a 0 # & € H,, such that (7(f)Q,,,&) =0
for all f € Ap. But since 7, is the GNS representation of A with respect to w, the vector
Q, is cyclic for m,, i.e. there is a f € A such that (m,(f)Qw,&) # 0. By the denseness
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1 Wightman Quantum Field Theory

of Ap in A there is a sequence of fi € Ag k € N converging to f € A. Hence by the
continuity just stated we get

Hm (7 (fr)Qw, §) = Hm (m (fi) s, §) = (0 (), §)

k—0 k—0
in contradiction to (7(fx)Qw,&) = 0 and (7, ()W, &) # 0. Hence Q, is a cyclic vector

for 7 and the latter is therefore unitarily equivalent to the GNS representation of Ag
with respect to w. Hence there exists a unitary U : ‘H,, — H such that

Uto(f1) - .. To(fi)U* = ®(f1) ... B(fm)-

For arbitrary f € Z(R™™) we define ®(f) := Um,(f)U*, which is the extension we are
looking for. The uniqueness follows from the fact that the matrix elements (£, ®(f)v) for
&, Y € Dy are uniquely determined by w. O

Remark 1.41 (Fields and representations). The previous results show that a quan-
tum field (H, Dy, ®,2) can be recovered (up to unitary equivalence) from its Wightman
distributions W™ . The W™ define a state w on the BU-algebra A, this state has a
GNS representation (H, Dy, Tw, d,) which by Proposition is unitarily equivalent
to the representation defined by @, i.e. there is a unitary U with U®(f1)--- ®(f,)U* =
Tw(f1®- @ fi) for all fi,..., f;, € Z(R™) and all m € N. Hence we recover a unitarily
equivalent copy of @ by

L (R") > [ @u(f) =7u(f) € L(Dy, D,,). (1.6)

The last equation shows that we even have a little bit more. If w is any continuous state
of A, it defines its GNS representation (H,,, Dy, T, k) and via Eq. a map &, from
< (R™) to L(D,, D,,). Hence the 4-tuple (H, Dy, Py, ) is a quantum field, and would
be a hermitian quantum field if the ®,,(f) would be essentially self-adjoint for real-valued
f. This is unfortunately something we can not get for free. Hence it is — at least in the
present context — advantageous to drop the self-adjointness condition from Def. In
that case we get two one-to-one correspondences:

Hermitian quantum field +— Representations of A
and
Sequences of Wightman distributions +— States of A.

Let us come back to Wightman fields. The next proposition tells us how the additional
properties translate into properties of the Wightman distributions.

Proposition 1.42 (|[SW64|, Chapter 3.3). Let (H,D,®,Q,U) a Wightman quantum
field. Then the following statements hold.

(a) All the W™ are Poincaré-invariant, so

W ((a,A)f) = W (f)
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where ((a, A)f) = f(A"Y(z1 —a),...).

(b) (Spectrum condition). The Fourier transform W) of W has support in the
set of p = (p1,...,pm) € R*™ with 377" 1 p; = 0 and X771, p; € VT for any
k=2,...,m.

(¢) (Locality). Whenever xy, and xyy1 are spacelike separated, we have
W(m)(xl, e Ty Tty -« oy Tyy) = W(m)(xl, ey Tt 1y Thy -« oy Tim)-
(d) (Cluster property).

I lngl W(m)(xb sy ThyLh+1 +a,...,Tm+ CL)
a o

= W(k) (371, ceey Z‘k)W(mik) ($k+17 cee 7xm)

Remark 1.43 (Interpretation). The W™ can be regarded as correlation functions. E.g.
W@ — which is often called the 3-point function — describes the correlations between
two field operators ®(f), ®(g) in the vacuum. If W (f ® g) factorizes, measurements
of ®(f) and ®(g) in the vaccuum are uncorrelated. By the cluster property this happens
if the supports of f and g are very far apart. Spacial separation is, on the other hand,
not sufficient. We only get invariance under permutations of f and g. A closer analysis
shows that the correlations of the fields between spacelike separated events in the vaccum
representation can be arbitrarily high, if the distance between the events is small enough.
Poincaré invariance shows that these correlations look always the same in all inertial
frames. In particular translations are interesting since it allows us to rewrite W% in
terms of a distribution Wo € #(R*) such that we formally get

WO (f@g) = / W (z,y) f(2)g(y) dx dy = / Wa(z — y) f(2)g(y) dx dy.
R4 JR4 R4 JR4
Similarly we can rewrite W™ in terms of a distribution W,, in .# (R~ D4). The W,,
have interesting analyticity properties which can be used to prove structural results like
the PCT theorem The spectrum condition translates to support properties in momentum
space.

The last result in this chapter combines the construction of a quantum field from
a sequence of Wightman distributions discussed above with discussion from the last
proposition. In a nutshell it says that if the W (™) have all the properties from Proposition
the reconstructed field is a Wightman QF.

Theorem 1.44 ([SW64|, Theorem 3.7). Consider R = R*. Let a state w : A —
C of the BU-Algebra A be given and consider the corresponding GNS representation
(Heos Dy, Tioy Q). Further let w(f) = S0 W@ (f@) for W) € #/(RY) and let
W) satisfy the four conditions from Proposition . Then there exists a strongly con-
tinuous unitary representation U, : 771 — U(Hy) such that (Hy, Dy, Tw, Qu, Uy) is a
Wightman quantum field, although without the self-adjointness of the field operators.
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2 The Free Scalar Field

2 The Free Scalar Field

2.1 Representation of the Poincaré Group

Definition 2.1. Let a group G, a C-vector space V and £ : G x G — R be given. A map
U : G — GL(V) is called projective representation of G if

U(f)U(g) = e“FDU(fg).

The exponents £ can not be chosen freely, but have to satisfy some contraints, which
can be easily deduced (e.g. look at U(f)U(g)U(h)). If all of them are satisfied, & is called
a cocycle.

By Wigner, a free, relativistic elementary particle is described by a projective uni-
tary representation of 731 which actually has to be irreducible emphasizing on the term
elementary. So Wigners goal was to classify all the projective representations of 791.
For more on this topic, we refer to [Bog+90, Chapter 7.2] and |[RS75, Chapter IX.§].
The representations of 771 can be divided into classes via the mass, given by m? € R.
Here the physical case obviously is m? > 0. All representations with m? > 0 are fur-
ther characterized, up to unitary equivalence, by the spin s € $Ng = {0,3,1,3,...} of
the representation. There exists a unique unitary projective representation of 771 with
m?>0,s¢€ %D\IO.

We will proceed with the easiest case m? > 0, s = 0. The first step is to define the
“mass shell”

Hyn = {p € R*[n(p,p) = m* p" > 0}. (2.1)
Note, that H,, is an orbit of SOT(1, 3) since for A € SO'(1,3), p € H,, we have Ap € H,,.

Figure 4: The mass shell

from Eq. (2.1) as

part of the for-
ward light cone.

mass shell

light cone

We parametrize H,, by
R > pr— j(p) = (w(p),p) € Hn (2.2)

with w(p) = /||p||> + m2. This j can be regarded as a coordinate system such that
H,, becomes a smooth manifold. An only slightly more detailed analysis shows that it
actually is a smooth submanifold of R%. This shows in paticular that H,, is a locally
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compact topological sapce which is homeomorphic to R3. Hence we can consider Borel
subsets of H,, and define the following Lorentz invariant measure.

Proposition 2.2 (|[RS75|, Thm IX.37). For all Borel subsets Q@ C H,, we write

This defines a Borel measure on H,, which is Lorentz invariant: Q,(AQ) = Q,,,(Q) for
all A € SO(1,3) and all Borel sets Q C H,y,.

With €, we can define the Hilbert space L?(H,,, ) of square-integrable functions
on H,,. Since Q,, is Lorentz invariant, a transformation f(-)+~ f(A~!-) with a Lorenz
transformation A leads to a unitary operator U(A) on L2(H,,, ), and therefore to a
unitary representation of SOT(l, 3) which is easily shown to be strongly continuous, i.e.
the map

SOM(1,3) 3 A — U(A) € L2(Hyn, Q) (2.3)
is continuous for all ¢ € L2(H,y,, Q). Combining this with a representation of the trans-
lation group leads to a representation of 771.

Proposition 2.3. The map P 3 (b,A) s U(b,A) € U(L2(Hy, Q) with

(U (b, A)v)(p) = PP p(A™1p).

is a strongly continuous, irreducible, unitary representation of the restricted Poincaré
group.

Proof. The proof is easy and therefore left as an exercise. Note that strong coninuity can
be defined as in Eq. (2.3). O

Remark 2.4 (Interpretation). The representation just constructed contains (almost)
everything we need for the quantum mechanics of one relativistic particle of mass m
and spin 0. Due to strong continuity we can define the generators of the translations as
self-adjoint operators Pj, j =0,...,3

4 e P)y) (p)

Pitp = —i
ke " A=0

where the domains D(P;) are consisting of exactly those 1 for which the given limit
exists; cf. Remark Explicitly we get

(Pow)(w(k%k) = w(k)w(w(k)7k)7 (Pﬂ/))(w(k), k) = - j"/}(w(k)ﬂ k) Jj=12,3.

The P; for j = 1,2, 3 describe the three-momentum of the particle, Py is its Hamiltonian.
With the reasoning already pointed out in Remark the operator P, = Zj b; P;
describes the Hamiltoian in the inertial frame moving with four-velocity b € Hi. Hence,
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we have almost everything we need for a quantum mechanical description. The only
missing component are the position operators. They do not come out of the representation
U directly, but they have to satisfiy a number of conditions. The corresponding analysis
was carried out by Newton and Wigner in 1949. The resulting theory has serious locality
problems as already mentioned in the introduction. We omit the discussion at that point,
but refer the reader to original work.

We can use the parametrization map j to pull everything back to the Hilbert space
L2(R3). This is sometimes useful — in particular if we want to compare results with
expressions known from the physics literature.

Proposition 2.5. The map J : L2(H,, Q) — L2(R3) given by

(Yo j)(k) _ v(wlk),k)
k) = =
(J) (k) 0 0

15 a unitary operator.

Proof. This is easily checked and therefore left as an exercise. O

2.2 The Klein-Gordon Equation

Our goal is to quantize the Klein-Gordon equation. Therefore, we have to have a closer
look on the classical solutions and their relations to the discussion of the previous section.
Hence, let us start with

0*v
(04 m?)V .= 7 — AV +m?T =0 (2.4)
and
U e Ke:={0ecC*RY,C)|U(-):=U(t, -) € L (R} (2.5)

This somewhat strange function space arises from the desire to use the Fourier transform
with respect to the position variable x € R3. We are interested in solutions of the Cauchy
problem with initial data in .%(R3):

U(0,2) = f(z) and 0,9(0,z) =p(z) with f,pec.7(R%).

Using the shortcut notation W,(z) := ¥(t,z) as in Eq. (2.5), now W, is the Fourier
2.4)

transform with respect to x € R3. Fourier transforming all of (in R3) gives
PV, (k . .
852() + ||k|12 e (k) + m* Wy (k) = 0.

So for any k, we get an ordinary differential equation of second order in ¢ which yields
the solution
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with w(k) = /||k||? +m? > 0 for all k since m > 0. Using the initial conditions, we
easily get

and thus

- {

by = 5 (70 = o) ek = 5 (A0 + o). (26)

Proposition 2.6. For all initial data f,p € .7 (R3) there exists a unique solution ¥ € K¢
to the Klein-Gordon equation which is given by

1 A .
_ i(k-z+w(k)t) i(kx—w(k)t)) 43
U(t,x) = 2n)3 72 /[R3 (b(k‘)e +c(k)e )d k (2.7)

for all t € R. The functions b(k),c(k) are derived from f,p as in (2.6) and w(k) =

VIIE[[? 4 m?.

Proof. We haven’t shown yet that the presented solution really is in the set K¢. To this
end first note that w and 1/w are smooth functions. Furthermore they are polynomially
bounded, and the same is true for all its powers. Hence, for all f € .%(R®) the products
w™f and w™"f are Schwartz functions again. The same is true if we multiply for fixed
t € R with a phase factor e () With this knowledge we conclude from Eq. that
b and c are in .(R3). Hence the expression in Eq. is for fixed t the sum of the
inverse Fourier transform of two Schwartz functions, which is again a Schwartz function
in variable z for fixed ¢. O

Remark 2.7. For later use let us recall that we can multiply and divide Schwartz
functions by w and still get Schwartz functions. This follows since w(k) is bounded from
below by m > 0 (hence we avoid the singularities at zero) and polynomially bounded
from above (the same is obviously true for all powers of w). We have already used such
an argument in Example to define the product of a distribution and a polynomially
bounded function.

Now we want to look for a real-valued solution ¥, f € .#(R3 R). For the Fourier
transform this means

1

ik
@372 Jyo (x)e"™* dz,

f(k) =

so f(k) = f(—k) which implies b(—k) = ¢(k). Putting this into the solution we have by
Proposition [2.6] gives us

1
v64) = G

ol

(7k)ei(k-x+w(k)t) dk + (2 1)3/2 / C(k)ei(k-m—w(k)t) dk.
™ R3
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In the first integral, we substitute & — —k, which produces no sign, so putting in a(k) =
2w(k)c(k) gives the real-valued solution

1 , , dk
— = —i(k-x—w(k)t) i(k-z—w(k)t)
U(t,x) = 2n)i 72 /[R3 (a(k‘)e +a(k)e ) o) (2.8)

Obviously the argument of the integral is real as sum of something and its complex
conjugate. Now let us introduce A € L2(H,,,Q,,) by A = J'a, where .J is unitary from
Proposition We can express a in terms of A by

a(k) = (JA)(k) =

Inserting this into Eq. (2.8)) and using the abbreviation £ = (¢, x), we get an integral over
the mass shell.
1 dQ(N)

e, /H @Q)em(&,m L A(A)e—inm)) £

GEF= Lo

We summarize this discussion in the following two propositions.

Proposition 2.8. Consider the sets M = . (R*)x.%(R®) and . (H,,) = J (S (R?)) C
L2(Hy, Q). For each (f,p) € M the function Ag, : Hy, — C with

1 5 .
Applwlk), k) = (@) (8) + ip (k)
is in . (Hy,). The corresponding map M > (f,p) — Ajp, € S (Hy,) is real linear and
invertible. The inverse is given by . (Hp,) 3 A~ (fa,pa) € M with

_ 1 a 6ik~z a e—ik-m dk
a(0) = Gy [, (a7 athyem) — e (29)

palw) = (27:)3/2 /[R (atye™ — a(e)e= ) ) i

with a = JA and the unitary J from Proposition [2.5]

Proof. We have to show that JAy, with (f,p) € M and

JAf,p(k):\g<\/W(k)f(k)+ i ﬁ(’ﬂ)

is in .(R3) . But this follows from the fact that f,p are Schwartz functions and Remark
above. Linearity of the map is obvious, and invertibility follows from the existence of
an inverse. That the given map is really the inverse is left as an exercise to the reader
(this can be easily done with slight modifications of the calculations above). O
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Proposition 2.9. For each A € /(Hy,) = J (S (R?)) C L*(Hpm, L) the expresssion

1

U =+V2ReFA with (FA)(E) = EEE /H eMEN Z(N)dQUN)

hence . 1900

S AN)eMEN 1 AN *W&A)) bk WA 2.10
s [, (A 1+ a0e o (210)
is a solution of the Klein-Gordon equation (2.4)), and an element of the space K = {f €
Kel| f = f} with K¢ from Eq. . The corresponding initial data are given as (f,p) =
(fa,pa) with the expressions from Proposition . Similarly, we get the solution with

initial data (f,p) € M if A= Ay, holds.

v(E) =

Proof. That FA is a solution follows easily from

—s - - i(w(k)t—k-x) 2 _
8t2]:A(t’ 2 (27)3/2 /[R36 w(k) a(k) G
A 1 : dk
AFA)(t,x) = ——— iwk)t—k-) || 112 (e .

( )(t, z) ok /R3e 1k|[2a(k) o

With a = JA and the unitary J from Proposition Hence Re FA is a real-valued
solution. The initial data for the solution FA are easily calculated as

A _ L e—ix-kﬂ
(FA)(0,z) = @ e mdk, (2.11)
<(§th> (0,2) = W/RS e~ ka(k)/w(k) dk (2.12)

and are obviously Schwartz functions (cf. Remark . Hence by Proposition the
solution FA is in K¢, its real part, obviously, is in . The remaining statements follow

immediately from Eqs. (2.11)), (2.12) and Proposition [2.§ O

Remark 2.10 (Fourier transform). In the last proposition we have implicitly introduced
the map

F:.S(Hy) - C°(RY), A FA with ]-"A(f):/ eMEN g(X) dQ(N)

m

and the domain
S (Hp) = J L (RY) C L?(Hpm, Q).

Since J is unitary, . is an isomorphic copy of .#(R?). Hence we can equip it with the
same topology such that it becomes a Fréchet space. This implies in particular that we
can define the topological dual ./(H,,) and embed . (H,,) into .'(H,,) via a map
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2 The Free Scalar Field

S (Hp) > A ¢pa € S (Hy) with
oa(f) = . A f(A) dQun (N).

All our knowledge about tempered distributions can be translated to the “mass shell
supported” versions in .%(H,,) via the map J.

The map F can be regarded as some form of Fourier transform and as such it can be
extended to the distribution space .’ (H,,). This can be done in terms of

E:S®Y) > f > Vonf|, with f)= 217T/ N f(¢) de. (2.13)

Note that we have defined the Fourier transform f for this particular purpose with the
Minkowski metric n rather than the usual scalar product. With the map E we write

oABN =V [y [N p(6) g A o

1 in(€,
_ / [(%)/ /H ENAQ) ()| 1(6) de
/ FAE)F(€) de = dralf)

with ¢4 € .7/(R*) the regular distribution belonging to FA € C*°(R*) — please check
that this is well-defined although FA is not in LP, cf. Example Summarizing this
calculation we can conclude that ./ (H,,) 3 ¢ — ¢ o E € .#'(R%) is the (unique) weakly
contiunous extension of F to .%’(Hy,); cf. the discussion in Remark [1.7] The following
proposition shows how to recreate the real solution Re F in terms of the map F.

Proposition 2.11. For each A € ¥ (H,,) the complex linear extension of the map
FRLR) S f > VERed3(Ef) = VEZRe | EfO)AN)AQ(N)
Hpm,

coincides with the reqular distribution ¢ sp. rz

b aneralh) = [ VEReFAQS(E)e

associated to the solution /2Re FA of the Klein-Gordon equation.
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2 The Free Scalar Field

Proof. We calculate ¢4(F f) with real-valued test function f:

VEReo3(ES) = == (0x(Ef) + 95(F))

[ €9 16 de o)+
R4

[, A0 g [ e O r© deano

Hence

VEReGa(Bf) = [ F(EVIR(FANE) ds.

as claimed. O

It is left as an Exercise to the reader that we can use this strategy to generate weak
(i.e. distributional) solutions of the Klein-Gordon equation. For us it is important to
remember this proposition when we introduce the free quantum field in the next section.

Proposition 2.12. Consider (b,A) € 771 and the action of 771 on functions f : R* — C
given by f — (b, A)f with [(b,A)f](&) = fF(A™1(E—1)). The map ./ (Hy,) > A Re FA
intertwines this action with the representation U(b, A) introduced in Proposition[2.3 In
other words

(b,A)Re FA =Re FU(b,\)A
holds for all (b,A) € P1 and all A € . (H,,).
Proof. We write U(¢) = Re(FA)(€) and calculate

(27r)3/2

= o [, (A A ) g, )
s H

VAT E—b) = s /H (AT EDD o ()0 EDD) g, (1)

By substituting A\ — ), due to Lorentz invariance of the measure Q,, we get

1 -~ . I ~ . I ~
—le¢g - - —1))pin(§—b,A) =13\ o—in(§—bA)
FATE D) = e /H m (AA-TR)e +AA e ) @)
= @ /H (e e AATR) 4. ) A (3)
—TENHO)

— Re (FU(b,A)4) ()

which concludes the proof. O

Remark 2.13 (Canonical formalism). We can regard the space M = . (R,R) x Z (R, R)
of initial data as the classical phase space of the system. The classical Hamilton function
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2 The Free Scalar Field

is given by
1

M3 (1,) = 0(1,0) = 500 0) + 5{0m* = ). 1) € R

where (-, -) denotes the real standard scalar product on . (R3,R), i.e. (f, g) = [ps f(2)g(z)dx.
Using Gateaux differentials we can eagily define partial derivatives of h as
0 0
aifb( wh
0 3 i 0 d
o0 p) € F®) with (Zob(fp)w) = gob(f.p+w)],

f.p) € Z(R?)  with < (fvp),'v> = %h(f+ 20, p)|\_,

with v, w € .7(R3). It is easy to see that these partial differentials exist in the given sense
and have the values

0
=70
of

Now consider a curve R 5 ¢ — (fi,pt) € M which is differentiable in the sense that

(t,x) = fi(x) and (t,z) — pi(z) are C'-functions on R*. Then we can define the time
derivative (f,pr) € M in terms of partial derivatives

(f.p) = (A2 —m2)f  with fph(f,m —.

: 0 0
fi(z) = &ft(l“)’ pe(w) = QM(SC)7
such that the Hamilton equations become

ft = ;pb(ftapt) =Dt Pt = —;fb(ftapt) = (m2 - AQ)ft- (2-14)

Differentiating a second time and inserting the second equation into the first shows that
(t,z) — f(t,x) has to satisfy the Klein-Gordon equation. Thus by Proposition we
can conclude that the system of equations has a unique solution for all initial
data fo = f, po = p. We just take the unique solution ¢ € K of the Klein-Gordon
equation with initial data f,p and define fi(x) = ¥(t,x) and py(x) = Opb(t, ). Hence
Hamiltons equation with the Hamilton function § represents a reinterpretation of the
Cauchy problem for the Klein-Gordon equation as an infinite-dimensional Hamiltonian
system, i.e. something like infinite-dimensional classical mechanics.

We are discussing this topic since we want to justify the interpretation of M as the
classical phase space of our system, and f, p as the canonical variables. With substantially
more effort we could also (in a mathematically rigorous way) introduce Poisson brackets
and see that f,p satisfy some kind of “canonical” Poisson relations (maybe I will add this
in a future version of these notes). This reinterpretation in a “canonical” (i.e. Hamiltonian)
way is useful in the context of quantization. A possible strategy to quantize the field
system we replace the classical fields f(z) and p(x) by operator-valued fields ¢(z), 7(x)
satisfying a version of “canonical commutation relations”, and generate the Hamiltonian
H of the quantum theory from b by replacing f and p with ¢ and 7. The spacetime field
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2 The Free Scalar Field

®(t,z) then is generated by evolving ¢(x) with time evolution exp(itH ).

While this procedure basically works (although with a substantial reinterpretation,
which is nesscessary in order to make the math work rigorously) this is not the most
adequate way to proceed. At that point the mass shell function Ay, € (Hy,) C
L2(H,,, Q) comes into play. Since the map (f,p) — Ay, is invertible, we can regard
the space .’(H,,) as an alternative version of the phase space, which is parametrized in
terms of complex variables A, A rather then f,p. Everything we have expressed in terms
of f,p can be reexpressed with A, A. E.g. the Hamilton function b can be written as a
function of a = JA and a as follows.

h(a,a) = ;/[R?’ w(k:)(d(k:)a(k) + a(k)d(k))dk (2.15)
It is left as an exercise to the reader to check this equation and to translate it into an
integral over H,, involving A, A rather than a, a.

The advantage of the variables A, A over f,p is the Poincaré covariance. The definition
of the initial data f,p requires a split of spacetime into space and time, and this fixes an
inertial frame up to spatial rotations and translations. Hence, there is not one canonical
formalism, but there is (roughly speaking) a different one for each inertial frame. To
understand why this is different for the mass shell functions A, A, consider two inertial
frames 1, ¥9 and a Poincaré transformation (b, A) transforming from ¥; into . If a
field is described in X1 by a spacetime function v it is described in X9 by (b, A). Hence
if 1 is given by A € .7 via 1) = vV2Re FA the transformed field is given by U(b, A)A; cf.
Proposition Therefore the space .( H,;,) does not only contain one but all canonical
descriptions for all inertial frames and the unitaries U (b, A) represent the transformation
from v to (b, A)t. This intrinsic covariance is a great advantage if we are aiming at a
quantum theory which has a similar covariance — like a Wightman quantum field theory.

Our strategy to quantize the Klein-Gordon equation is therefore to replace the func-
tions A, A in all expressions developed so far by appropriately chosen operator-valued
fields (satisfying some commutation relations which are motivated by the Poisson rela-
tions I have skipped). Applying this strategy in particular to the expression in (2.10))
leads to an operator-valued spacetime field which (with an appropriate mathematical
reinterpretation of the steps just outlined) will become our Wightman field.

2.3 The Free Quantum Field

First we need to make some general remarks on Fock spaces{f]. Let H be a separable
Hilbert space. The belonging Fock space then is given by

[e.9]

]-"(H)z@@(@?{@").

n=1

2For more on the topic of Fock spaces of relativistic particles, we refer to [Bog-+90, Chapter 7.3]
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2 The Free Scalar Field

Now for o € S, where S), is the permutation group on n, we define
Vs, IH®n—>H®n 0(‘1’1@...@‘1&0 :‘110—1(1)®...®\IJU—1(n)
and based on this, the symmetrization operator
1
L Y® ® ® _
SniHE S HYTCHT Su=— ) Ve
UESn

Note, that S, is a projection. Now the range Hiz_m of S, is called symmetric or Bose
subspace. With this, we further define the symmetric Fock space as follows.

o0

Frm)=co (PH)

n=1

With this reminder, we can return to the free quantum field. We orient ourselves
towards [RS75, Chapter X.7]. For some f € H we define

b (f): 1O = HE) 0@, 00, — (LU0, ®...0 0,

A short calculation shows ||~ (f)|| = || f|| so b~ is bounded and it can be linearly extended
to all of H®™ for all n > 0. For n = 0 we define b= (f) = 0. It is easy to check that
bt (f) = (b= (f))* on product vectors acts like

VH(f)=(T®...00,)=fol;®...0U,.

With this, we want to define creation and annihilation operators as already known from
the quantum harmonic oscillator.
For a densely defined self-adjoint operator H : D(H) — H on H we explain

Fo={¥ € F4(H)| TnenVim>n¥™ =0}
Dy ={¥ e Fp|¥" e D(H)®...® D(H) Vn}

where Fj is the set of finite particle vectors. For ¥ € D r we define
@r(H)P) W =(H1®.. 0 1+190HQ1®...01+...)0™.

This is called second quantization. A similar construction can be done for unitaries U on
‘H where

T =Uo...0U)T™
is said second quantization with

F(eitH) — eitdF(H)‘
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2 The Free Scalar Field

Now in order to define creation and annihilation operators, we need the number operator
which is given by N = dI'(1). For ¥ € H{" we obviously have N¥ = n¥. Note that N
is essentially self-adjoint on Fy. Sadly, IV is a global observable whereas the lab setting
obviously is local so on its own it is not as useful. This is why we define the annihilation
operator on F (H) with domain Fp to be

A(f) = VN T Ib(f).
For each ¥, ® € Fy we have
(U, A(f)®) = (U, VN + 10" (f)®) = (VN + 10,b™ (f)®) = (S(b” (f))*VN + 10, )
which implies that creation operator is given by
A*(f) = (A()* = SO ())VN +1 = VNSb™(f).

It is worth noting that both A(f) and A*(f)|r, are closable. We denote their closures by
A(f) and A*(f).

Example 2.14. Consider a topological space with Borel measure (M, ) and the asso-
ciated Hilbert space H = L2(M, p1). By [RS80, Chapter II.4], we then have

H =L (M x .. x M,u®...0p) HY"=LE(M x...x M,u®...® )
N

n arguments

where L% is the set of symmetric functionﬁ The operators A and A* are given by
(A s m) =V T [ T e D m,m, . m) )
M
1 n
(A (N O) D (my,... my) = \/ﬁ;f(mj) O (g, my).

Definition 2.15. The Segal quantization over H on Fy is defined via

H3 f s Bs(f) = \%(A(f) L AY(f)) € Fy(H).

Note that the Segal quantization is R-, but not C-linear since f — b~ (f) is an antilinear
map.
Theorem 2.16 (|[RS75|, Theorem X.41). The following statements hold.

(a) (Self-adjointness). For all f € H, ®s(f) is essentially self-adjoint on Fy.

13This means that L% is the set of functions in L? which are invariant under permutations of the
coordinates.
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2 The Free Scalar Field

(b) (Cyclicity of the vacuum). For the vacuum Q=10000d ...

span{®s(f1) - Ps(fu) [ 1, fn € H,n € N} C Fr(H)

15 dense.

(c) (Commutation relations). For each V € Fy, f,g € H we have
[@5(f), Ps(9)]¥ = i Im(f, g)n P
Further, for the unitary operator w(f) = exp(i®s(f)) (Weyl operator) we have
W(f +g) = e MPIW ()W (g).
(d) (Continuity). If fn, — [ in H, then

W(fn)¥ = W)V  forall Ve Fy(H)
Oo(fn)VU — Os(f)V  forall U € Fy

(e) (Covariance condition). For all unitary operators U on H,

I(U) : D(®s(f)) = D(®s(Uf))

and for ¥ € D(®g(Uf)) we have

LU)(@s(f)HTU) ¥ = @s(U f)W

for all f e H.

We can now use the Segal quantization to define the free Hermitian scalar field of
mass m. To this end note that we can write ®5 = v/2Re A* which is (almost) the same
expression we have already used in Proposition to rewrite solutions to the Klein-
Gordon equation in a distributional sense. The only difference is the quantity A which
is now an operator rather than a function (and complex conjugation becomes taking
adjoint). Hence with the map F from Equation , which was given by

E:Z[RY) > 12(Hy)  f— V2r flu,

using the 4-dimensional Fourier transform

~ 1 .
k) — in(z,k) g
k) = Gz [, F@e o,
the free Hermitian scalar field of mass m now is defined to be

O (f) = ®s(Ef) = V2Re A*(Ef)
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2 The Free Scalar Field

on f € .7 (R4, R) and

P (f) = @5(Re(f)) +i®s(Im(f))

for arbitrary f € .#(R*). Applying the reasoning from Proposition we see that
formally this ®,,(f) is an operator-valued solution of the Klein-Gordon equation. Exact
reasoning leads to the following theorem.

Theorem 2.17 (|[RS75|, Theorem X.42). The 5-tuple
(Hma F07 q)ma Qa F(U(7 )))

is a Wightman quantum field where H,, = Fy(L?(H,,)) is the Hilbert space of the free
field and

(U6, A)¥)(p) = "D T(Ap)
is the unitary representation of the restricted Poincaré group on L2(H,,, ). Further
B (T4 m?)f) =0
holds for each f € 7 (R*).

Proof. Most of the statement can be derived eagily from earlier results, like the discus-
sion of the Klein-Gordon equation in Sec. or properties of the Segal quantization in
Theorem Ounly a few properties (like self-adjointness) require more work. In those
cases we refer the reader to the corresponding proof in [RS75|. O

Here, ®,, is also called the free field.

Remark 2.18 (Free Hamiltonian). Following the reasoning from Remark we can
define the free Hamiltonian of the theory (in the inertial system in which we are at rest)
as the generator of the time translations, i.e. as the self-adjoint operator Hy satisfying

I'(Ul(teo, 1)) = exp(itHy), VteR.
Using the properties of second quantization I'(U) this can be rewritten as
Hy = dD(Py) with (Py)(w(k), k) = wlk)b(k,w(k)),

where v € L2(H,,,w,) has to be chosen such that P is square-integrable again. This
gives the domain of Py. We come back to Hp in Remark where we derive a different
expression for it which is more familiar from the physics literature.

In Sec. 2.2l we have used the freedom to rewrite functions on the mass shell as functions
on R3 by using the unitary operator J : L2(Hy,, Q) — L2(R3) from Proposition We
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can do the same with the field operators by applying the second quantization of J to
®,,,(f). For real-valued f this leads to

Bpn(f) = T()B( fIT(])" = ;5 (a(Ef) +a*(Ef)

with the creation and annihilation operators a*,a on F (LQ(IRS)). We have used lower
case letters here, in order to make it easier to distinguish them from the corresponding
operators on Fy (L?(Hp,)). The relations to the latter are

ATy =o(L) - ranyty - (L2)

Note that these are operators on F (LQ(IR?’)). As before the finite particle vectors Fyy C
F4+(L?(R?)) form the domain of these operators. In slight abuse of notation we here
have kept the same symbol (Fy) we have already used for the finite particle vectors in
Fi (Lz(Hm, Qm)), although strictly speaking both sets are different.

We now turn to the question whether we can evaluate ®,, at spacetime events rather
than test functions. The answer, basically, is yes, but the result of such an evaluation is
not an operator. To explain the details we need some preparations. (Also note that we
only treat the case <i>m. The mass shell bagsed field ®,,, can be treated similarly. To work
out the corresponding details is left as an exercise to the reader).

On the domain

Dy ={¥ € Fy| ¥™ e Z((R®™) for all n} (2.16)
we can define the annihilation operator a; at momentum k via
(a(k)W)Y ™ (ky, . k) = Vo + 18D (K ko k), (2.17)

which is a well-defined operator and related to a(f) with test function f € L2(R3) by the
following Proposition.

Proposition 2.19. For all f € L2(R3) the annihilation operator a(f) can be written as
alf) = [, Fja di
R3
with ay, from Eq. (2.17).

Proof. This is straightforward and again left as an exercise. O

Basically, we would like to do something similar, but if we try to calculate the adjoint
ay, of ay formally we get

(a*(k)9) ™ (ky, ... kn) = \}ﬁ zn: 5k — k)™ D (ky ok k) (2.18)
j=1
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with the obvious problem that ¢ occurs, so a*(+) is not a densely defined operator. We
can rectify this by using quadratic forms.

Remark 2.20 (Quadratic forms. [RS80], Sec. VIIL.6). A quadratic form ¢ on a Hilbert
space H is a map ¢ : Q(q) X Q(q) — C, where Q(q) C H is a dense, linear subspace (the
form domain), and q is linear in the second and conjugate linear in the first argument. If
X is an operator with dense domain D(X) we can immediately define a quadratic form
X[o,v] = (¢, Xp) with domain D(X). The converse is not true. There are quadratic
forms which do not belong to an operator (we will see an example very soon). Hence,
quadratic forms are more singular objects than operators. Nevertheless the notation
(1, q) is frequently used for g, @] even if ¢ is not an operator. In the following we will
use the phrase “X and ¢ coincide in the sense of quadratic forms” for an operator X and
a quadratic form q if g[v, ¢] = (¥, X ¢) holds for all 1, ¢ in an appropriate domain.

Now assume a; would exist as an operator. Then we could assign it to the quadratic
form

ag[y, ¢l = (b, agd) = (axt), ¢) ¢, ¢ € Dy

Hence, although aj, is not an operator the quantity on the right-hand side of this equation
only uses ay and is therefore well-defined. We use this expression as the definition of aj,
as & quadratic form. Now in analogy to Proposition we get the following.

Proposition 2.21. For all f € L?(R3) we have
w(f) = [ fkaak
R3

in the sense of quadratic forms.

Proof. Again, this is straightforward. O
Now, we can apply this to the field ®,, and get the following result.

Theorem 2.22. The quantity

1 ; ; 4k
O, (1, ) = i(w(k)t—kz) —i(w(k)t—kz) g ) 2.19
(t,2) (27)3/2 /[R3 (e Ut ak’) 2w (k) (2.19)
s a well-defined quadratic form on Fi (LQ(IR2)) with domain Do. For a test function
f e .Z(RY) it is related to the field ®,,(f) by

D, (f) = 9 f(z, )@, (2, t)dz dt.

Proof. The fact that ®,,(¢, z) is a well-defined quadratic form is obvious from the defini-
tions. The relation to ®,,(f) can be cheked with the arguments already used in the proof
of Proposition [In a future version of these notes I might expand this proof.| O
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Remark 2.23 (Wick ordering). For this remark, cf. [Haa96, Chapter 1.5.2]. The idea to
use quadratic forms in order to evaluate quantities at spacetime events can be extended
to powers of the field like ®™(t,x) or more generally expressions involving polynomials
in the ay, aj. If we look in particular at (aj)"(ay)™ we can easily use the same idea as
above and just “move all a}, to the left under the scalar product™

(0, (ag)" (ar)™ ) = ((ar)" ¢, (ar)™ ) =: (ar)" (ax)™ (6, ¢]. (2.20)

If we change the ordering of the ay, ai, however this procedure fails. In the product aaj,
we can not move ay, “to the left” since a; and aj are not commuting. Hence we have to
move ay, first which would produce an (undefined) operator a; in the left argument of
the scalar product. To understand the problem we are facing let us see what happens if
we calculate the vaccum expectation value (€2, aya;2) of ara; with the formal expression

from Eq. .
(6. oxai) = (aif2.aif) = | 5k~ p)dp

The integral on the right-hand side involves the square of the delta function which can
not be defined within distribution theory. Hence, the given vacuum expectation value
is just infinite. Usually, physical quantities like energy should have vacuum expectation
value zero (naively speaking, the vacuum should just mean no physical particles). In that
sense the infinities we see are just artifacts arising from wrong operator ordering. To
get the real physical quantities we just have to subtract these infinities, and this can be
done by choosing the correct operator ordering. The only ordering where no problems
in terms of inifinities arise is the one in Eq. . Hence the simple rule is: Whenever
we encounter a monomial in ay, ay, is: “move all creation operators to the left”. This is
known as Wick or normal ordering and usually indicated by colons written to the left
and the right of an expression. E.g. to calculate : ®(¢,z)" : we formally expand ®(t,z)"

into a polynomial of a,aj, and in any monomial we get that way, we move all a; to the
left.

Remark 2.24 (Operator ordering and quantization). Operator ordering problems as the
ones just described are not uncommon in quantum theory and already happen within
the quantization of one non-relativistic particle. The (too) simple rule which tries to map
classical observables (functions on phase space) to quantum observables (operators on
a Hilbert space) is to replace the canonical phase space coordinates g, py by position
and momentum operators @;, P, and to replace each occurence of ¢;, py in a phase space
function F' by these operators. But even if I is just a polynomial in g;, pj this procedure
is ambiguous since the g, pr, mutually commute such that ¢;p; = p;q; while Q;FP; and
P;Q; are different operators. Hence, we need additional (physical) arguments in order to
make the operator ordering unambiguous. In the given example we might want to use
3(Q;Pj + P;Q;) since this combination is at least hermitian.

Based on these considerations we can describe the basic quantization rule for scalar
fields as follows:

1. Rewrite a classical field observable (i.e. a function F' : M — R on classical phase
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space M; cf. the disicussion in Remark 2.13]) as a polynomial in the complex valued
phase space variables a(k), a(k).

2. Replace these functions by the creation and annihilation operators (or more pre-
cisely quadratic forms) ag,aj;. (Note that we are adding a tilde to the operators
here in order to make the distinction from the functions a, @ easier. We will drop
this tilde after this remark is finished).

3. Apply Wick ordering, in order to get rid of operator ordering ambiguities and the
corresponding infinities. The choice of a, aj, as the proper replacement of a(k), a(k)
is motivated by a comparison of the commutation relations between ay, aj, on the
one hand and the Poisson relations between a(k) and a(k) on the other.

This receipt provides a clear rule to turn any polynomial in a(k), a(k) into a quadratic
form on the Hilbert space F (LQ(IR?’)). If we apply it to the classical solution of the
Klein-Gordon Equation from (2.8) we get the quantum field ®(¢,z) as written in Eq.
2.19). Another possible application is the classical Hamilton function h(a,a) from Eq.
2.15).

N 1o oo - I
h(ag,ap): = /3 w(p): §(akak + agar): dp = /3 w(k)apar dp = Hy
R R
—_—

harmonic oscillator

Please check yourself that (as a quadratic form) this really coincides with the free Hamil-
tonian Hy from Remark Also note in this context that the number operator N can
be given by a similar expression as

N = [ aapdp.
R3

Finally note that exactly the same discussion can be given in terms of the mass shell
functions A(X), A()) and the corresponding quadratic forms Ay, Ay on Fy (L2(Hyp, Q).
Working this out is left as an exercise.

For the last point in this section we have to talk about are the Wightman distributions
of ®,,,(t,z). They are calculated in the next theorem.

Theorem 2.25. For m,n € Ng with m > 1 the Wightman distributions of the free field
®,, from Theorem are given by W) =0 and

WE(f @@ fam) = > W)@ fo) - WO (fo2not) @ foam))  (2:21)

oEpair

where pair C Say is the set of permutations which satisfy o(1) < 0(3) < ... < 0(ap—1)
and 0 (op41) < O(2k42) Jor k > 0. The two-point function W® s given by

WO ©0) = g [ [ [ 0 watw) do dyafi o),
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which can formally be rewritten as

WOGeg = [ [ Ay —amd) @) dedy

where

~ 3
2y _ ¢ in(ap) TP
A4 (x,m*) 2] /e o)

Proof. The combinatorial structure of the W) given here is a consequence of the struc-
ture of the Segal quantization and therefore not special to the free field. A corresponding
proof can be given using Wick’s theorem. Typically, this is left as an exercise. In lack of
a good reference I am following this tradition. Please check validity of yourself. To
calculate the two-point function we use Ef = /27 f and further get

W(Q)(f ®g) = <Qm7q)m(f)q)m(g)9m> = <©m(f)97na (Pm(g)Qm>

2 1 . 1 .
— —in(z,p) in(y,p)
/ i / . flz)de o /[R 1Y) g(y) dy dQp (p)

2 Hp, (277) R4
B 2<21w> /H Ré /R M=) f()g(y) do dy i (p)

Written formally, this yields

WOGeg = [ [ Ary—am®) @at) drdy

7
where

. 3
2y in(zp) 4P
Asteam®) = g [0S

as claimed. O

Fields with this structure of the n-point functions are called generalized free fields or
quasi-free.

Theorem 2.26 (Kéllen-Lehmann-representation). Let W® be the two-point function of
a field theory satisfying the Wightman azioms and the additional condition that

(0, 0(f)to) =0

for all f € .#(R*). Then there exists a polynomially bounded positive measure on [0, 00)
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s0 that for all f € (R,

Symbolically,

Proof. |[RS75, Theorem IX.34] O

2.4 Time-Zero Fields

Before we can define the time-zero field, we need the following short result.

Proposition 2.27. For f € .7 (R?) we define the dual space element 0f € .7'(R*) via

6H)9) = | 6@glt.x)f(x)dt de = / 9(0,2)f () da.

0
R4 R3
Then the map E from can be extended to distributions of the form df.
Proof. Using the definition of § f we get

1

(E(0f))(w(k), k) = @ Jo 5(t) f (z)e®le= " dt d
1 —ik-x 7
= W 23 (x)e M dr = f(k),
so E(6f)(j(k)) = f(k) with j from (2.2). O

Definition 2.28. We define the time-zero fields to be

em(f) = @5(EQf))  mm(f) = Ps(iwE(5f))
for f € Z(R3,R) and its C-linear extension onto all of .7 (R3).

As in the spacetime field ®,, we can use the unitary I'(j) to transform ¢, and m,
into operators on F (L?(R?)). We define

Gm(f) =T()em(f)T(J)" and 7 (f) = T(J)mm(ST(I)".

In analogy to Theorem we can express On,(f) and 7, (f) as “smeared out versions”
of appropriately chosen quadratic forms.
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Proposition 2.29. The time-zero fields ¢p,, T can be written in terms of ap and aj
as quadratic forms via

mlf) = / F(@)pm(z) da

where
m ) = e a; + e a
#m(2) (27)3 /[Rg< k) 2w(k)
and
inle) = [ gla)mnle) do
[R3
with

Tm(T) = (27:)3/2 /[R3 w(k) (e_ik'xaz - eik'mak> w(2k:) k.

Proof. In the case of ¢, this follows immediately from Theorem by setting t = 0.
In the case of 7, we use (2.19) and take a time derivative to get

i , , 3k
0P (t,2) = o5 /[R (wleiterkagy — (e i@, N
and thus
(8:®m)(f) = Sm(iwf) = T(N)@s(WE(if))L(])*.
Hence, setting t = 0 again leads to the statement about 7,,. O

Remark 2.30 (Time evolution). We can look at the fields ¢,,(x) and 7, (x) as local
observables which we can evolve in time (i.e. we are in the Heisenberg picture). With the
free Hamiltonian Hy from Remark we can define

e Mop (£ = g (f) e M om,(9)e™ 0 = T 4(g).

This again yields

. . 1 , ) . , . . dk
e—tho T etho _ / (e—zk-z e—tho a* etho +€zk.xe—thoaketho>
Som( ) (27'(')3 R3 + 2w(kj)
:eitw(k)az
=&, (t, x).

In other words we can reconstruct the spacetime field ®,,(x,t) from the time-zero field
and time evolution, which in turn is part of the representation F(U (b, A)) of the Poincaré
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group. This observation leads to the question whether we can turn this into a strategy
to costruct new models from a set of time-zero fields and a representation of PT, or at
least a Hamiltonian. The latter depends on physical input like the type of interactions
we want to describe. For the fields, however, we’d like to have a universal construction,
which is completely independent from any dynamical input. We might even hope that
the time-zero fields developed for the free field are already sufficient. To explain up to
which degree this idea works or does not work is the main task of the rest of this section.

Remark 2.31 (Canonical commutation relations). To understand the last remark a
bit better, let us have a short look at the quantum mechanical description of N non-
relativistic particles. The Hilbert space of this system is L2(R™) with n = 3N and the most
important observables are position and momentum described by self adjoint operators
Qj, P, which are defined for ¢ € .(R") and « € R” by

1 0¢

(@) (@) = 20(a). (P)(@) = + o2 (a), (222)
i Ox;

The @; and P should be reagarded as a the finite degree of freedom analog of the time-

zero fields ¢y, (), mm(x). The most important structural property of the Q;, Py are the

canonical commutation relations, which (in their most elementary form) are given as

(Q;Qrl = [P}, Pl = 0, (Qj, Peltp = 03¢ (2.23)

for any ¢ € .(R"). These relations are the main reason why the @; and P are chosen
in the given way: We are following Dirac’s quantization rule which says: “Quantization
means to replace Poisson brackets by operator commutators”. The @; and P, should
be the quantum analogs of position and momentum coordinates g;,py of the classical
phase space R” x R™ and the relations in (2.23)) exactly resemble the Poisson relations
between g¢; and pj. Large parts of the physics literature even tell the legend that up to
unitary equivalence the @;, P from Eq. are the only possible choice for operators
satisfying the commutation relations in . If we assume for the moment that this
is true (we will come to that in a minute), and if we accept that the CCRs in (2.23)
are mandatory requirements, we can conclude that the operators in are the only
possible choice — completely independent from the dynamics our model should obey. The
latter is completely contained in the Hamiltonian of the system.

What can we learn from this for field theory? First of all note that the expressions
for pm(x) and mp,(z) in Proposition resemble Egs. where we have expressed
the intial data (f,p) € M for the classical solution in terms of the complex variables
a,a. According to the discussion in Remark the fields ¢, () and m,(x) are the
quantizations of the canonical phase space variables f(z) and p(z). Since the latter are
the field thoeretic replacement of phase space coordinates g;,py (cf. our discussion in
Remark this observation justifies the claim that ¢,,(x) and 7, (x) are the field
theoretic analogs of the operators @), Pj. Hence let us have a look at the commutation
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relations they satisfy:

[Pt (f); (90 = [T i (f) Tma (@] =0 [ (f) Tmi(9)] = i{f,9),  (2.24)

where on the right-hand side of the second equation we have used the scalar product in
L2(R3), and ¢ € Fy is chosen arbitrarily. Rewriting this in a formal way we get the more
often used form

[om. (@), Pm.t (Y)] = [Tm.t(€), Tmt(Y)] =0 [om (@), Tme(y)] = i0(x —y).  (2.25)

The latter version can be regarded as the natural “continuous variable version” of the
relations in ([2.23). Therefore we proceed in analogy to the finite degree of freedom case
as follows. We declare the CCRs in Eq. , or maybe better the mathematically more
rigorous version in ([2.24), as the fundamental quantization condition each choice of time-
zero fields (for scalar field theories) should satisfy. If there would be again a uniqueness
result, the time-zero fields constructed for the free field would be the only choice and we
could proceed along the lines outlined in Remark [2.30] The big amounts of subjunctives
in the last sentence already indicate that there is a problem with this procedure to explain
why we have to clarify first, in which sense the @); and P}, are really unique. This step is
prepared by the following definition.

Definition 2.32. Consider a locally convez, real vector space V' which also carries a real
scalar product (-,-), and strongly continuous maps f — U(f), g — V(g) from V into the
unitary group U(H) of a separable Hilbert space H. If for all f1, fo € V the operators
U,V satisfy the Weyl relations

V(fi+ fo) =V (f1)V(f2)
U(fi+ f2) = U(f)U(f2
V()U(g) = U(g)V(f)exp((f,9)),

then {U,V'} is called a representation of the Weyl relations over V.

Example 2.33 (Schrodinger representation). The central reference for all statements
concerning the Schrodinger representation is the book of Folland [Fol16|. Consider V =
R™ and the operators @;, P from Eq. . Real linear combinations of the @; and
of the Py are self-adjoint operators (on appropriate domains containing .#(R") as a
subspace). Hence with f,g € R™ we can define

= exp < Zfﬂ%) and V(g) =exp ( ngPk> (2.26)

By Stone’s theorem [RS80, Sec. VIII.4] these maps are strongly continuous. It is also
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easy to check that

(U(f))(x) = exp (Z xjfj> P(z), and (V(g9)Y)(z) =¥z +g)
j=1

hold. From the last equation it is easy to see that the U(f), V(g) satisfy the Weyl
relations. Hence the maps R" 5 f — U(f) and R" 5 g — V(g) form a representation of
the Weyl relation, which is called the Schrodinger representation. A deeper analysis also
shows that this representation is irreducible, i.e. the only bounded operators commuting
with all U(f) and V' (g) are multiples of the identity.

Theorem 2.34 (Stone-von Neumann). The Schrédinger representation is the only irre-
ducible representation of the Weyl relations over R™ up to unitary equivalence.

Proof. See [RS80, Thm VILI.14]. O

Remark 2.35 (Canonical commutation relations). Assume self-adjoint operators Q;, Py
are given such that

1. we can define U(f), V(g) as in Eq. (2.26)),
2. these U(f), V(f) are representation of the Weyl relations and

3. they are irreducible, then we can conclude according to the Stone-von Neumann
theorem that these Q;, Py are unitarily equivalent to the choice in Eq. (2.22)).

In that case the relations in are an easy consequence of the Weyl relations. We will
rephrase this situation in the following by saying the @Q;, Py satisfy the Weyl form of the
CCR. If, however, we only know that the Q;, P, are self-adjoint and satisfy the relations
in we can not deduce the Weyl relations. All corresponding calculations you might
find are formal and can not be made rigorous without additional assumptions. In general,
is not even suffcient to gurantee that U(f) and V(g) can be defined according
to . As a consequence, there actually are examples for self-adjoint operators ), P
satisfying , which are not unitarily equivalent to the version in ; cf. [RS80,
Sec. VIIL5].

With this remark we can return to the time-zero fields. We define a corresponding
representation of the Weyl relations — this time over V = .#(R?) rather than V = R"
and ask for uniqueness. The depressing answer is given in the next theorem.

Theorem 2.36. Let @, Ty be the time-zero field and conjugate momentum of the free
scalar field of mass m. Then

Un(f) = exp(iom(f)) Vin(g) = exp(imm(g))

is an irreducible representation of the Weyl relations over .7 (R, R). Further, (Um,, Vin,)
and (Upy, Vin,) are unitarily inequivalent if the masses are different, so if my # ma.

Proof. |[RS75, Thm X.46]. O

44



2 The Free Scalar Field

Remark 2.37 (Interpretation). The theorem shows that we actually can consider the
Weyl form of the CCR as a mandatory requirement for time-zero fields, but this does not
lead to a unique choice. Even worse, the example for inequivalent representations given
depend on the mass. But mass is a dynamical parameter since it labels different versions
of the field equations. Hence the representations of the Weyl realtions we have to deal
with in field theory does contain dynamical information.

Remark 2.38 (Time evolution again). The failure of unitary equivalence has another
striking consequence concerning time evolution. To explain what we’ve just lost, let us
have another look at the finite degree of freedom case. Here we can look at the observables
Q;, Pr. in the Heisenberg picture and time-dependent operators

Q;(t) = exp(—itH)Qrexp(itH), Py(t) = exp(—itH)P,exp(itH),

where H is a self-adjoint operator and the Hamiltonian of the model. If we assume the
other way round that time-dependent, self-adjoint operators Q;(t), Px(t) are given which
satisfy the Weyl form of the CCR at each instance of time, we can conclude from the
Stone-von Neumann theorem that there is a unitary T'(t) satisfying T'(t)Q;(0)T(t)* =
Q;(t) and T'(t) P (0)T'(t)* = Py (t). It is still unclear (without further knowledge) whether
these U(t) are given as exp(—itH) in terms of a Hamiltonian H, but at least we know
that the time evolution is given by unitaries on the same Hilbert space.

The lack of uniqueness in the field theoretical case indicates therefore that we can not
expect that time evolution is unitary. This leads to the urgent question whether we can
preserve uniqueness of the Weyl relations at least on a more abstract level. The rest of
this section is devoted to an answer of this question. As a preparation we need some
material about C*-algebras.

Definition 2.39. Consider the space B(H) of bounded operators on a (not necessarily
separable) Hilbert space H. A linear subspace A which is closed under products{—"_z] and
adjomtﬂ is called a C*-algebra.

Definition 2.40. An invertible linear map o : Ay — As between two C*-algebras Ay,
Ay is called *-isomorphism if a(AB) = a(A)a(B) and a(A*) = a(A)* holds for all
A Be Ay If Ay = Ay = A, the map « is called *-automorphism.

Remark 2.41 (C*-algebras). The central references for all statements about C*-algebras
are the books of Bratteli and Robinson |[BR12; BR02|. The following is a short list of
additional remarks.

1. C*-algebras can be defined alternatively in an abstract way. We have chosen the
explicit form as algebras of operators since it leads us more directly to the desired
goal.

2. C*-algebras are in particular *-algebras. Hence all the corresponding material from
Sec. applies. This in particular concerns states and representations.

YA BcA=ABc A
BagcA= A" c A
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3. Consider the GNS representation (H,, Dy, Ty, €,) of a state w of a C*-algebra A.

4. In the definition of *-isomorphisms we haven’t added any boundedness require-
ments, because this is not necessary. All *-isomorphisms « satisfy ||a(A)|| = ||A]|
for all A € A;. Hence they are automatically bounded (]| - | here denotes the
operator norm).

Definition 2.42. Consider a real pre-Hilbert space (K, (-, -)) which is also a locally
convex space, and a representation {U,V'} of the Weyl relations. The smallest C*-algebra
A containing the operators U(f),V(g) for all f,g € K is called the Weyl-algebra of
{U,V}.

Theorem 2.43. The Weyl algebras A1, As of two representations {U1, V1} and {Us, Va}
over the same space (IC, (-, -)) are *-isomorphic. More precisely, there is a *-isomorphism
o: Ay — Ay with oz(Ul(f)) =Us(f) and oz(Vl(g)) = Va(g) for all f,g € K.

Proof. |BR02, Theorem 5.2.8] O

Remark 2.44 (Interpretation). Assume that by some construction we got time-zero
fields ¢ and m which by all instances of time satisfy the Weyl form of the CCR, then
by the previous theorem we get a family of *-isomorphisms «(t) with ay (exp(igo(f))) =
exp(ive(f)) and similarly for ;. These ay take the role of the unitaries 7'(¢) from Remark
and therefore we can hope for a dynamical description of field theories in terms of
automorphisms of C*-algebras, rather than unitaries on Hilbert spaces. Or to formulate
this in another way: The Hilbert space structure which served us well in quantum me-
chanics is too rigid for field theory and has to be replaced by C*-algebras. This point
of view is quite successful at least on the conceptual side; cf. the book of Haag [Haa96|
for an in-depth discussion of this point of view. For constructive purposes, however, our
problems are not completely solved. It might (and does) in particular happen that time-
zero fields do not exist at all, since their existence is not a consequence of the Wightman
axioms. For the most non-trivial example of an interacting model — quartic self interac-
tions in 1+1 dimensions — the material developed so far is sufficient. We consider this
case in the next chapter.
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3 Interactive Fields

3.1 Naive Approach

For the first part of this chapter, we orient ourselves towards |[RS75, p.233 ff.]. An “in-
teracting field theory” is a field theory satisfying the Wightman axioms which has a
nontrivial scattering theory. A natural way to construct such fields (cf. the discussion in
the last section; in particular Remark is to try to make a pertubation of some free
theory, so

fitHgO(x)eitH fitHﬂ_(a:)eitH

oi(z) =e m(z) =e
for some Hamiltonian H. This works if H is self-adjoint but otherwise most likely breaks
the Poincaré invariance.

In classical Lagrangian field theory the simplest Hamiltonians are of the form

H=Hy+ X[ F(p(x))dx
R3

=H;

where F'is some function, say a polynomial with some coupling constant A. Since we want
the Hamiltonian to be bounded below, we expect that the polynomial is of even order

with positive highest coefficient. The most simple non-trivial case then is F(x) = 2%, so

H = Hy+ )\/ o(z)t dz.
R3

This expression does not make sense unless we consider the Wick-ordered case (see Chap-

ter

H = Hy+ /\/ co(x)t: d,
R3
which is at least a quadratic form. Unfortunately, this quadratic form does not arise from
an operator since formally computing HQ “=“W for U = 0 if n # 4 gives

@k ) exp(—ix Y kz) e (5(2?:1 k1>
(k1. ky) = R3 H?ZI(QW)3/2(2w(ki))1/2 L= (271_)9/2 H?:l(QW(ki))lﬂ

which certainly is not in Lo, alone because of the é-function. This we can try to fix by
smearing with a test function, so

g@)exp (—iw TL ki) i(Zhik)

g0 [T, (202 u(k)) 2 (202 [, (2w(k)) /2

but we still do not get an L? function because w(k;) grows too slowly at infinity.
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3.2 The Cut-off Hamiltonian

In order to obtain an operator, we restrict ourselves to one space dimension. The dis-
cussion of Wightman quantum fields and the construction of the free field has to be
adopted accordingly. This is, however, staightforward and (again) left as an exercise for
the reader. We will try to sketch the idea of the construction of the (p?) model from
|GJ68: |GJ70a) \GJ70b| and accompanying papers.

We replace the quadratic form [, : p(2)*: dz by [; 9(2): ¢(2)*: dz where g(z) is a
real-valued function in L2(R). So we have

Hg:HO"‘HI(g):/

w(k)ayay dk + / g(z):p(2)*: do — E,
R

R

with domain
D(H,) =Dy ={U € Fy | 9™ e .7 (R"™)}.
Here the constant E,, also called self energy of the vacuum, is chosen so that
0 = inf{spectrum H,}.

Further E, is finite because of the spatial cut-off and because of the limitation to only
one space dimension.

For the sake of locality, for g one often chooses some smooth function of compact
support which equals one on a very large interval. FEither way, the effect of ¢ is to turn
off the interaction for large values of x. Therefore, g is called the space cut-off and H(g)
is called the spatially cut-off Hamiltonian for the (p?)s field theory.

Theorem 3.1 (|[RS75|, Theorem X.62). The spatially cut-off Hamiltonian Hg is essen-
tially self-adjoint for any g € (R, R).

Now the solution to the cut-off field equation
’’e 9@
otz Ox?

also compare (2.4)), is given by the field at time ¢

+m2® 4 4\gd> = 0, (3.1)

pig(x) = exp(—itHy)p(z) exp(itHy)
with corresponding momentum at time ¢
T,g(x) = exp(—itHg)m(x) exp(itHy).

Here ¢(x) and () are chosen to be the time-zero fields of the free field. Please keep this
in mind, since this choice will cause considerable trouble below. Since translations affect
the cut-off and therefore the field, this does not belong to a Wightman field because
it violates Lorentz invariance. The simplest idea would be to take the limit ¢ — 1.
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Unfortunately, this means £, — oo so our Hamiltonian does not converge in a proper
sense.

Figure 5: The field ¢ 4(z) in two- J
dimensional space time. If
9ly) = 1 for ly| < [a] + ],
then the field is indepen-
dent of g. This means for
a time ¢, we get an asso-
ciated interval (a,b) such
that ¢rg(x) = @i(z) on
the subset of the rhombus
(a,b)X(—tl,tl). ze{zxeR|glx)=1}

only influenced by

However ¢, 4(z) is independent of g provided g(y) = 1 for |y| < |z|+|t| as is illustrated
in Figure . This is a consequence of the fact that the field equation propagates
disturbances only with the speed of light (here set to 1), and therefore any changes to
g made “far outside” can not influence anything in the rhombical region shown in the
figure. Using this idea we can prove thr following

Theorem 3.2. Consider t| € R and f1, fo € /(R), with support in a bounded interval
(a,b). Furthermore assume that g € . (R, R) satisfies g(z) = 1 for all x € (a—t1,b+t1). If
we choose the time-zero fields p(f1) and 7(f2) of the free field we can define the quantities

ei(f1) = exp(—itHg)p(f1) exp(itHy)

7ol f2) = exp(— it Hy)w( ) exp(itHy) (32)

for all t € [—ty,t1]. They are self-adjoint operators (on an appropriate domain) and are
independent of the cut-off g, provided it satisfies the given condition.

Proof. |GJ68, Sec. V| together with Lemma 3.2.2 and Theorem 3.2.6 of [GJ70a]. O

Hence, by choosing the interval, on which g(z) = 1 holds, large enough, we can define
er(f1) and m(f2) for all ¢t and all f1, fo € @(R)[ﬂ These fields have the cut-off removed.

From here on we can introduce spacetime fields (i.e. fields which are smeared over
space and time rather than over space at a fixed time) by first defining

By(f) = / org(f)dt = / F(t2)pg(t2)dudt with fe DR, fi(-) = f(t, -),

then proving that this leads to a closable operator admitting an invariant dense domain
|GJ70a), Theorem 3.2.3]. Using Theorem 3.2 we can show that this operator is independent
of g provided the support of f is contained in the rhombical region from Figure |5} cf.
[GJ70a, Thm 3.2.6]. In that way we get an operator-valued distribution on the Hilbert

% 9(R) = {f € C*(R) | supp f compact}
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space F (L?(R)) with an invariant dense domain we haven’t specified (cf. [GJ70al Sect
3.2] for details; cf also [GJ70a, Thm 3.2.7] for the continuity requirements a distribution
has to satisfy).

DR > f s O(f) = /[RQ f(t,x)o(t, z)dz dt, (3.3)

which finally can be extended to test functions from . (R?), i.e. it is a tempered operator-
valued distribution [GJ70a, Sec. 3.4]. We can recover the time-zero fields from Theorem
by restricting ® and ®; to test “functions” § f; i.e.

@t(fl):Afl(x)é(t,x)dx and ﬁt(fg):Afg(x)até(t,x)dm.

For the second equation cf. [GJ70a, Theorem 3.2.5]. Note that this shows in particular
that the free field and the field ® just constructed share the time-zero fields at ¢ = 0.
Furthermore it can be shown that this ®( f) satisfies the correct field equations (Theorem
3.2.5 and the following remark of [GJ70a]), is self-adjoint if f is a real-valued function
|GJ70a, Sec. 3.3], and is covariant with respect to spacetime translations |GJ70a, Sec.
3.6]. Furthermore, two operators ®(f1) and ®(f2) commute if the supports of f; and fo
are spacelike separated [G.J70a, Sec. 3.5]. Hence we have almost constructed a Wightman
field. The most important property we haven’t shown yet (apart from covariance with
respect to Lorentz boosts) is the existence of a vacuum, and actually, a vacuum vector
Q € Fy (L*(R)) does not eist.

3.3 Haag's Theorem

The fact that the above approach did not work out is not surprising but this was predicted
by Haag’s theorem which we will state now.

Theorem 3.3 ([Bog+90|, Theorem 9.28). Let ®, ®( be two scalar Wightman fields acting
on Hilbert spaces H,Ho. Assume for some instance of time t we have time-zero fields

(I)(tvm)vatq)(tvx) (bo(t,x),a‘l)o(t,l‘)
which are irreductble and there exists unitary T' such that

Td(t, z)T* = Oy(t, z)

3.4
T6t<I>(t,x)T* = atq)o(t,$). ( )

Then all Wightman functions up to n = 4 are identical. If ®q is a free field, then @ is
also free field in the sense that all Wightman functions are identical.

We can choose for ® the field constructed in and the free field for 3. The method
outlined in the last section used the time-zero fields for the free field to construct the
interacting field ®. Hence we have ®(0,z) = ®¢(0,2) and 0®(0,x) = 0P (0, z); cf. the
definition of ¢; and 7 in Eq. and check that m(x) = 0;®(t, ) really holds (in this
context also cf. [GJ70a), Theorem 3.2.5]). Hence the condition in is satisfied for ¢t = 0
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and T = 1. Since ®q is the free field and ® is not, the latter can not be a Wightman
field. We are seeing here consequences of the non-uniqueness of representations of the
Weyl relations, as discussed in Sec. [3.3

3.4 Remove the Cut-off

The previous section clearly tells us that we have to come up with another construction
to remove the cut-off. Although there is no vacuum vector for the field ¢, from (3.4),
there is a vacuum vector Qg in F (L*(R)) for Hy:

Theorem 3.4. For each cut-off g there is (up to scalar multiples) a unique vector Qg €
F1(L2(R®)) which is normalized (||Qq| = 1) and satisfies HyQy = 0.

Proof. |GJ70a, Theorems 2.2.1 and 2.3.1| O
As partially stated before, simply taking the limit g — 1 in the Fock space F1 (LQ(I]?:S))
yields the following problems.
e I, — 00 so the Hamlitonian does not converge

e (O, — 0 in the weak sense

The way out of this conundrum is to follow the idea outlined in Remark and to
define the field dynamics algebraically, rather than in terms of unitaries. The first step
is to define a C*-algebra A in terms of the fields ®(f) from Eq. (3.3).

Definition 3.5. With H = F (L?(R?)) we define A C B(H) as the smallest C*-algebrd"]
containing all unitaries exp(i®(f)) for arbitrary f € P(R?,R); i.e. smooth real-valued
functions with compact support.

Proposition 3.6. There is a unique one parameter group oy of automorphisms oy : A —
A satisfying
oy (exp(i®(f))) = exp(itHy) exp(i®(f)) exp(—itHy),

where g(x) =1 holds on a sufficiently large interval.
Proof. |GJ70a, Sec. 4]. O

This automorphism group describes the time evolution of the interacting fields alge-
braically. In a similar way we can proceed with the vacuum.

Definition 3.7. For any A € A, we define the expectation values
wg(A) = (Qy, AQdyg).

Theorem 3.8. The following statements hold.
(a) wq is a state of A.

1"We are glancing over some technicalities here, because the original construction in |[GJ70b| is a bit
more involved. However, the simplification we are applying here shouldn’t cause big differences.
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(b) There is a sequence (gn)nen of cut-offs such that g — oo and there is a state w
such that limy, o wy, (A) = w(A) for all A € A.

Proof. |GJ70b, Theorem 2.1]. O

Having this w the idea is to get back a field which now should be a Wightman field. The
idea is to use the GNS representation of the state w just constructed. Hence we have a
Hilbert space H,,, a *-morphism =, : A — B(H.), and a cyclic vector Q, € H, such
that w(A4) = (Q, T (A4)Quw).

Theorem 3.9. There is a positive self-adjoint operator H,, on H,, such that
exp(itHy)mo(A) exp(—itH,) = (o (A)) and H,Q, =0 (3.5)
Proof. |GJ70b, Theorem 2.1|. O

Remark 3.10. (a) The first statement in (3.5) says that the automorphism group oy
is unitarily implemented in the representation ,, and the corresponding unitary
group is generated by the operator H,, which is the renormalized Hamiltonian of the
interacting theory. It is the limit of H, in the sense that

(T (B) S, €t (A)Q)
is obtained through a limit as g — 1 of
(BQy, eHat AQ,).

(b) The GNS vacuum €, is, again by Eq. (3.5) an eigenvalue of H with eigenvalue 0.
Since H is positive, €2, is eigenvector with the lowest energy.

(¢) We call Q,, the physical vacuum and , the physical representation. The vectors in
‘H., are called physical vectors.

Now let us come to the final step, which is the reconstruction of the fields in the new
representation. This is done in terms of the following lemma.

Lemma 3.11. Consider f € .7 (R%,R). The one parameter unitary group
R2 A Vi =7w(exp(iA®(f))) € U(Ho)
15 strongly continuous.

Proof. This is a consequence of the “locally Fock” property proved in [GJ70b, Thm 2.2];
cf. also the corresponding remarks in Sec. 1 of [GJ70D]. O]

Now we can introduce the renormalized fields as

= V,
i d\ A=0’
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with the unitaries V) from the preceding lemma. The set of ¢ € H,, for which the limit
exists forms the domain of ®.e,(f). Now all properties of the field ®(f) constructed in
Sec. [3.2] can be carried over. To see this we again have to use the locally Fock property
of m, from [GJ70b, Thm 2.2|. This basically finishes the construction. Let us summarize
the result.

Theorem 3.12. The fields ®ren(f) admit an invariant dense domain D C H,, and a
strongly continuous repesentation 731 5 (b,A) — U(b,A) € U(H.,) such that the time
translations coincide with exp(itH,). The five-tuple (Hy, D, Py, Q, U) is a Wightman
quantum field.

Proof. This is not explicitly shown in [GJ70b| but implicitly discussed |GJ70b, Sec. 1].
Basically, all properties can either be carried over from the fields ®(f) by using [GJ70b,
Thm 2.2, or they are consequences of related properties of the GNS representation. The
only missing point is the representation U. The space translations are treated in |[GJ70b|
along the same lines as the time evolution exp(itH, ). The whole Poincaré group is treated
in [CJ70|. Together with the positivity of H, (which generates the time translations) this
also shows that the spectrum condition holds. ]

Remark 3.13. We again can use Haag’s theorem to analyze this construction. Since
the Wightman field we got is not the free field, by Theorem said field has to be
unitarily inequivalent to the free field for all times. Hence, the renormalization process
just outlined, resulted in a change of representations of the CCR. The original one was
the vacuum representation of the free field, which does not contain a Hamiltonian for the
interacting model. The new representation is the vacuum representation of the interacting
field and it does not contain the free Hamiltonian. A similar statement holds for the
vacuum. The renormalized vacuum €2, can not be described in terms of density operators
in the vacuum representation of the free field. Roughly speaking, this is caused by the
fact that we can say that this new vacuum contains infinitely many particles of the free
theory, and therefore it is not defined in our original Fock space (which only contains
states with finitely many particles).
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4 Scattering Theory

4 Scattering Theory

Our goal is to present Haag-Ruelle scattering, which associates an S-matrix to fields.
But in order to do so we need some preparations. Since I do not want to assume prior
knowledge on this topic, we will start with some notes on classical particle scattering.
This should motivate some of the constructions we will do in the following and simplifies
the insight into the physical means. For this chapter we will orient ourselves towards
[RS79].

4.1 Classical Particle Scattering

Phase space is given by
=Ry xR,  Zo={(g,p) €X|p#0}
and the free dynamics by
p
FP:S-%  (¢p)~ (qHE,p)

where m is the mass of the particle. Now for the interacting dynamics K : R — R?
(“force”) we assume boundedness and some kind of Lipschitz-continuity where the con-
stant Dgr depends on the radius of the considered disk.

K@ <C Vg € R o
K (q1) — K(¢2)|l < Drllar — @2ll Var,a2 € Rt |1 — qof| < 1, g2l < R
Now this implies that there exists a unique global solution of
: pt) .
t)=—=,p(t) = K(q(t teR

q(0) = ¢,p(0) = p (¢,p) € %

Hence there exists a global flow

F:RxX—=X
(t,q,p) = (q(t),p(t)).
The question now is if we can solve (4.2]) with initial conditions “at infinity”, i.e. by

specifying asymptotic behaviour for ¢t — 4o00. For that we need further conditions on the
force K.

3C>03a>2v R’ |K(q)| <Cllg®

B (4.3)
3D >038>2¥r >0V qpll =7 [1K(@) - K(g)ll < Dr=?lla — g

Theorem 4.1. Let K satisfy and and let (-0, P—co) € 2o be given. Then
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4 Scattering Theory

there exists a unique solution R >t — (¢—(t),p—(t)) € ¥ of such that

lim {|p—(t) = p—ool[ = 0

t——

lim Hq_( ) —q- Oo——tH—O

t——o0

Similarly we get a solution R 3t — (q4(t),p+(t)) € L if we replace —oco by +o0.

Proof. |[RS79, Theorem XI.1] O
Figure 6: p_~ is the initial mo- o Lo o
mentum we start with Troos e

at infinity. Similarly,
J_oo 1is the position
of the free particle at
time ¢ = 0 which
moves with momentum
P—oo- Replace —oo with
400 to get the solution
t = (g4(t),p+(t)) with 3

asymptotics at t —
+o0 y t— +00 N\

Definition 4.2. Let ¢t — (g+(t), p+(t)) be the solution from Theorem [f.1) which is asymp-

totic to t — Q400 + pith at t = +o0o. We define the Mdoller operators (wave operators)
OF via

O %) =% (go0s Proo) = (a5(0), p=(0)).

Q" maps the t = 0 initial data of the = —oo asymptotic free dynamics to the t = 0
initial data of the interacting dynamics.

Proposition 4.3. Let K satisfy and . Then
+ — (0)
2(¢,p) = lim F_1F;"(q,p)
uniformly on compact subsets of Y.

Proof. |[RS79, Theorem XI.2.(a)] O

The QF obviously are injective due to existence and uniqueness of the solutions, but
not necessarily surjective.

Definition 4.4. We define ¥;, = RanQ™, X,y = Ran Q™ and

Zbound = {(q(t), () [ la@®)|| + [p@)] < o0}
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4 Scattering Theory

where R 5 t — (q(t),p(t)) € X is the solution of with (¢,p) € ¥ as initial data at
t=0.

Definition 4.5. We have weak asymptotic completeness if 3 = Jour and asymptotic
completeness if Yip = Xour = X\ Zpound-

Note that all equalities hold up to measure zero sets.

Theorem 4.6. Let K(q) = —grad V(q) with V(q) — 0 if ||q|| — oo. If K satisfies
and then we have asymptotic completeness.

Proof. |[RS79, Theorem XI.3] O

Now that we introduced the concept of asymptotic completeness we can define the
S-matrix.

Definition 4.7. Let X&) = ()Y E\Spouna). The S-matriz is the map
S 52w ()TN Tw).

Note that we basically have to remove a measure zero set from ¥, i.e. ¥’ = Y\ measure
zero set, and () = (QF)~1().
As a special case we now consider a spherically symmetric potential V(q) = V(||q||).

Proposition 4.8. Let K(q) = —grad V(q) where V(q) = V(||q||). Then the following
statements hold.

(1) SF© = Vs
(2) SR = RS for all R € SO(3) where R(q,p) = (Rq, Rp)

(3) (Energy conservation) Eo(S(q,p)) = Eolq.p) = 5 [Ip[I”
(4) (Angular momentum conservation) L(S(q,p)) = L(q,p) = £ x ¢

Proof. [RST9, Section XI.2]| O
We use Proposition |4.8| to reduce the S-matrix to a pair of real valued functions of two

real variables.

Step 1: The vectors p, ¢ span a 2-plane. By (2) we can choose this to be the eg, e3-plane.
We still can rotate around e; hence we choose p = ||p||es.

Step 2: S(q,p) = (¢, p); now property (1) implies
t /
S<q + fp,p) = (q’ + tg,p’)-
m m

Hence we can choose ¢ = bep. S is determined by its values on (bes, ||p|les) for
b, ||p|| € R. The quantity b is called impact parameter.

Step 3: By (3) we get p’ = ||p|le(b, ||p]|) with some unit vector e(b, ||p||).
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4 Scattering Theory

Step 4: By (4) the vectors (p',¢) are in the eg, es-plane and the component of p’ which
is perpendicular to e(b, ||p||) is determined by L.

Thus, S(q,p) is determined for all (¢, p) by the two functions

0(b, [Ipl|) = arccos(e(d, ||pl|) - e3) (Scattering angle)

q - e, [[pl)m .
T, pl) = (\p||||”) (Time delay)

with independant parameters b, ||p||. The time delay measures the time the particle spent
in the potential (compared to the free particle).

Figure 7: Schematic picture of
central scattering. Here
b is the impact parame-
ter and 0 is the scatter-
ing angle.

Remark 4.9 (Cross section). Look at S and write S(q,p) = (f(q,p),9(q,p)) where we
ignore f (e.g. ignore the time delay). Again we assume p = ||p||es. By Proposition [4.8/ (1)
we get

9(a, lIplles) = g(q + aes, [Iplles)

for all @ € R. Hence it is sufficient to look at ¢ € R? with ¢ - e3. Energy conservation
implies ||g(q, ||plles)|| = ||p|| hence g = ﬁ takes values in S%. With fixed ||p|| we get

e3 > g+ (g, ||plles) € S

The Lebesgue measure A on eé- induces an image measure on S? by

where E C S? Borel. If o is absolutely continuous with respect to the invariant normalized
measure 2 on S? we get a density

do
do = 22 40
770

where g—g is the differential cross section.
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Figure 8: A uniform beam ap-
proaches in eg-direction
where the particles are
scattered in angle el-
ements df2. Thus the
differential  cross-section
can be measured in

. er
experiments. 3

The discussion just presented can not be applied to the Coulomb potential, since
the time delay becomes infinite. This can be mitigated by a different choice of the free
dynamics (“Dollard modifiers”).

4.2 Quantum Scattering

Before diving into this section we repeat some basic concepts such as the spectrum of an
operator (Remark and types of operator convergence (Remark :

Remark 4.10 (Spectrum). Let H be an (unbounded) self-adjoint operator on some
Hilbert space H.

e )\ € C is in the resolvent set p(H) if A\l — H is a bijection from D(H) to H with
bounded inverse.

e o(H) = C\p(H) is called the spectrum of H. For self-adjoint H we know that o(H) C
R.

e For f € C%0(A)) vanishing at infinity (if A is unbounded) we define a bounded
operator f(A) € B(H) as follows. For ¥ € H there is a unique measure puy (spectral
measure) on o(A) such that

@A) = [ FO) e,
a(4)
e 1 decomposes as
H - pr @ Hac @ Hsg
where

Hpp = {V| pw is pure point}
Hae = {¥ | py is absolutely continuous w.r.t. the Lebesgue measure}

Hsg = {V | pw is singularly continuous}.
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e For some N € NU {oo} we have

N
Hp(myom,, = > Ailoi) (@5
j=1

If N = oo then this sum converges strongly. Elements of H,, are bound states or linear
combinations thereof.

e Let ¥ € H,.. Then

dpvy
U HY :/ A——d\
( ) oD

where ‘%{I’ is the spectral density and d is the Lebesgue measure. E.g. for the position
operator we get

w.qu) - |

U(z), = )2z dx.
R\Il(a:)xllf(x)dx—/mhlf( )|z d

Elements of H,. are unbound or scattering states. Up to a certain degree, scattering
theory is about the analysis of Hae.

e With this we can define

opp(H) =

—

A| A is eigenvalue of H'}

Note that we want to avoid the singularly continuous spectrum as it is not clear what
it represents physically.

Remark 4.11 (Operator convergence).

(1) (Norm convergence). We say that

|- || -lim Uy = U

N—oo

N—oo

if U, —U| "= 0. The good news is that if U, unitary, then its norm limit U
is unitary as well. The bad news however is that this type of convergence is too
strong for quantum dynamics for the following reason. Let H be some unbounded
self-adjoint opreator (e.g. the Hamiltonian of the harmonical oscillator) and (,)nen,
tn, € R, lim,,_yoo t, = t. Then

| - ||-lim exp(it,H) # exp(itH) =: V. (4.4)
N—o0 —V—‘—‘V
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Furthermore for some complete orthonormal system (¢, )nen in H we have

N
-l -lim Y én) (¢l # 1. (4.5)

N—o0 n=1

(Weak convergence). This basically is the convergence of matrix elements as

w-lim U, = U

n— o0
means limy, oo (P, Uptp) = (¢, U) for all ¢,¢ € H. Now the good news is that
(4.4) holds in the weak limit which is good for quantum dynamics and further, (4.5
converges weakly as well. However, W-_l}im U, for a sequence of unitary operators

n—oo
(Un)n can now be any operator U with [|U]| < 1[¥so the weak topology is too weak
for our purposes (cf. Remark [4.12]).
(Strong convergence). The strong limit

s-lim U, =U

n—oo
is defined to be lim,_, [|[Un¢ — Ug|| = 0 for all ¢ € H. Good news is that (4.4)
and 1} converge strongly. At first it seems bad that s-lim U, = U for unitaries

n—oo

U, only implies that U is an isometry[T_g]. The lack of unitarity of U is a consequence
of the lack of strong continuity of the map A — A*. However, we will see that lack
of unitarity of the strong limit is exactly what we need in scattering theory. Hence
strong topology is the correct choice for us.

Remark 4.12. Note that weak and strong topology induce the same topology on the

¥ As an example of this, consider H = f2(N), Hap = spanfeq,...,er} C H and define Une; = ejin

for j =1,...,N and Uner = ex—n for K = N 4+ 1,...,2N. Hence UvH1,v = Hn+1,2n and vice
versa. Otherwise Uy resembles the identity Une; = ¢; for all I € {2N + 1,...}. Hence ¢ € H can be
decomposed into ¢ = ¢n B pan P dr € Hi,n B HNt1,28 B Han41,00 Which yields

[{(¢, UnW)| = [{dn, UnVan)| + [{p2n, UNUn)| + [(Pr, VR)|
< AINUNPon || + [CNIUN G2n || + |6 P ]

as is readily verified. As ¢, U € /5 they are square summable so for any € > 0 there exists N. € N
such that [|Won || + [Wr| < & and [[¢2n | +[|¢r] < & for all N> N.. Hence w-lim Uy, = 0.
—00

19This follows from

(6, U"U¢) = (U, Ug) = |Ug|I” = lim [[Uno|* = [|8]|*.
About UU™* we can only say that it is a projection since

UUUU =UU* (UUY)* =U™U* = UU".
~—~—~

=1

The operator U maps H entirely to the subspace UU"H.
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unitary group U(H), i.e. for (Un)nen, U unitary we have

5-1i = -li =

Flim Ux =U & ylm Uy =U
but they do not coincide on the unit ball and U(H) is neither strongly nor weakly closed
in B(H).
Definition 4.13. Let H, Hy be self-adjoint operators on H. The generalized wave oper-
ators OV (H, Hy) exist if the strong limits

QOF(H, Hy) = s-lim eHe~Hop, (Hy)

t—F00
exist?| If OF(H, Hy) exist we define
Hin = Ran Q1 (H, Hy) Hour = Ran Q™ (H, Hp).
This fits the formula from the classical case in Proposition

Remark 4.14. (a) Here, Hy is the “free” and H the “interacting” Hamiltonian where a
typical choice is Hy = —%. Hence in many (or even most) physically relevant cases
Hj only has absolutely continuous spectrum such that we have P,.(Hp) = 1 and

OF(H, Hy) = s-lim e itHo,
t—Foo

but this is by no means a requirement.

(b) If Py.(Hp) = 1 it can be shown that existence of || - ||-lim e e~%Ho implies H = H,
(cf. |RS79, Section XI, Problem 15]). Hence the norm topology is too strong as
already stated before.

(c) (Partial isometries). An operator U € B(H) is a partial isometry if U : [EH] — [F'H]
is unitary where U*U =: F is the initial and UU* =: F is the target projection.

Proposition 4.15. Let QF (H, Hy) exist. Then the following statements hold.

(1) YY(H, Hy) are partial isometries with P,.(Hy) as initial and H i as target subspace.

out

(2) H in are invariant subspaces for H and
out

QO (D(Ho)) c D(H)  HOQ(H, Hy) = Q*(H, Ho)Ho.
(3) Hmt C Ran P,.(H).

Proof. |[RST9, Section XI.3, Proposition 1] O

20Here P,.(Ho) denotes the projection onto the absolutely continuous spectrum of Hy.
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Remark 4.16. (1) If Py.(Hp) = 1 then the operators QF are isometries, i.e.
(05 (H, Ho)) " 0" (H, Ho) = Pac(Ho) = 1.
(2) From Proposition (2), if Pye(Hp) =1 we get
(QF)*HQ* = H,.

Hence restricting H to (parts of) its continuous spectrum leads to an operator which
is unitarily equivalent to Hy.
(3) Obviously Hin C Ran(Pac(H)) has to hold as P,,(H) are the bound states and
out
Py (H) we want to avoid.

(4) QF maps the “free” states to the scattering states of H.
Definition 4.17. Assume that Q*(H, Hy) exists. They are called complete iff

Ran Q" = Ran Q™ = Ran P,.(H).

If Pu(H) = 0 we get Ran Q" = Ran )~ = Ran Plﬁ, which is the equivalent of the con-
dition in Definition so we could again call this asymptotic completeness. In Definition
.17 however, we haven’t made any assumptions about the singular spectrum of H hence
the condition there is only called completeness.

Definition 4.18. Assume that QF(H, Hy) exist and are complete. Then the S-matriz or
scattering operator is defined to be

S =(Q7)*Qt.
The following Proposition is the quantum analogon of Proposition [4.8]

Proposition 4.19. The following statements hold.

(1) SeitHo — ¢itHo G for gll t € R. The domain D(Hy) is left invariant by S. Further if
v e D(HQ) then Ho(S\I/) = S(HQ\I’)

(2) If U € U(H) commutes with H, Hy (i.e. [U,e™] =0 etc.) then [U,S] = 0.
(3) S is unitary if and only if Ran Q" = Ran Q™ (weak asymptotic completeness).

Proof. [RST9, Proposition in Section XI.4, p.74] O

Remark 4.20. (a) There are two main tasks a mathematical physicist has to perform.
One is to prove existence and completeness and two is determining S. For one there
are lots of tools available. We do not have the time to go into details of [RS79]. For
two there are two major strategies: (a) eigenfunction expansions and (b) pertubation
theory. The former is treated a little bit in the next section. The latter is the most
important tool in large parts of quantum field theory (in particular in QED). We will
discuss it in detail in the next chapter.
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(b) In some cases Hyp and H are not defined on the same Hilbert space (due to Haags
theorem this happens in particular in Haag-Ruelle; cf. Sect. . This requires a
special treatment known as two Hilbert space technique.

Definition 4.21. Let H, Hy self-adjoint operators on Hilbert spaces H,Ho and J €
B(Ho, M) be given. OF(H, Ho; J) exist iff the strong limits

OF(H, Ho; J) = s-lim ™ Je= o p, (Hy)

t—Foo
exist.

Depending on J, the operators Qi(H, Hp; J) in general are no (partial) isometries.
However, the following result holds.

Proposition 4.22. H, := (KerQ%)t is an invariant subspace for Hy and Hin =
Ran Q7 is an invariant subspace for H. Furthermore, H0|Hin 15 unitarily equivalent to
H\y,. . In particular Hly,, is purely absolutely continuous.

Proof. [RST9, Section XI.3, Proposition 4] O

Definition 4.23. We say that QF is semicomplete if (Ker Q)L = Ran P,.(Hyp). If
additionally Ran QF = Ran P,.(H) then QF is said to be complete.

The whole construction up to a certain degree depends on the choice of J. There
are criteria which guarantee that Q(H, Ho; J1) = Q(H, Ho; J2), cf. [RS7T9], Section XI.3].
Physical input obviously is needed, too.

4.3 Quantum Two-Body Scattering

This is a short excursion, since the subject is not immediatly relevant to quantum field
theory scattering. But it helps to relate the material to “ordinary” and “known” quantum
mechanics. Let

H = L2(R®) ® L%(R?) = L?(R").

The free Hamiltonian is given by

~ 1 1
HQ = —7A1 — 7A2
2p1 212
where 7 € RS is written 7 = (r1,72) with 7; € R® and A; is the three-dimensional

Laplacian associated to r;. The interacting Hamiltonian is
H= Ero +V(ry —1r9)

where V' is a function in L2(R3) + L>°(R3). Thus Kato’s theorem ([RS75, Theorem X.16])
shows that H is self-adjoint on C§°(R®). We shall later place more severe restrictions on V.
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First, we change coordinates to separate the center of mass motion. The new coordinates
will be

R— p1r1 + p2r

19 =711 —To.
p1+ p2

Let U be the unitary operator on L?(R%) given by

Ny = (T2 )

and let 71,7y denote the obvious coordinate multiplication operators. Denote UriU~! by
R and UroU~! by r12. Then

. 1 1

UHU '= ————  Ap— —A,,+V
S 1 1

UHU '= ——— A — —A,,

2(u1 + p2) 7 om

where m = ﬁ We now write L?(R%) = L?(R3) ® L?(R?) where the variables are R and

r12. Then, as operators on D = C§*(R%) @ C3°(R3) € C§°(R®), UHU ' and UHU !
can be decomposed as

UHU ' =hy®1+1® Hy
UHU ' =hy®@1+1Q H

where

1 1 1
hg = ———A Hy=—A H=——A+V(r).
0 2(p1 + p2) 0 2m 2m (r)

Thus, e—UHOU™ — oitho @ o=itHo apd ¢—#UHU™! = g=itho @ ¢=itH  Ag these differ only
in the second factor, we shall define wave operators QF and a scattering operator S for
the system {e~ " e~#H0} on 12(R3). The wave and scattering operators for the original
system are then given by U~1(1 ® QF)U and U~1(1 ® S)U respectively.

The task now consists of first checking existence and completeness of the wave operators
and second constructing the S-matrix.

Theorem 4.24 (Cook-Hack-Theorem). Let V = Vo+V, € L2(R3)+L"(R?) for2 <r < 3.
Let Hy = —A on L2(R®) and H = Ho+ V. Then QF(H, Hy) exist.

Proof. |RST9, Theorem XI.24] O

Again the Coulomb potential is not covered. We have (1 4+ |jv]|)™? € L2(R?) + L"(R?)
only if 8 > 1. As in the classical case we have to modify the free dynamics in order to
handle an infinite time delay.
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Theorem 4.25. Let Hy = —A on L2(R3) and let V(z) = V(||z||). Suppose that

/100 V()| dr + /Olr\vmmr < 0.

Then QF (H, Hy) exist and are complete.
Proof. |[RST9, Theorem XI.31] O

Note that Coulomb again is not covered.

Remark 4.26 (Eigenfunction expansion, discrete spectrum). An operator A on L2(R3, dx)
with purely discrete spectrum has an eigenfunction expansion in the direct sense that
there are L2-functions ¢, (z) with an associated map ~: L%(R3, dx) — 5 by

That the ¢, are eigenfunctions with A, = a,p, can be expressed by
(Af)n = anfn  if f € D(A).

The orthonormality of the {¢,} implies Ran™ = f5. The completeness of the ¢, is ex-
pressed by

f(z) = L%~ limz Fnon(x).

n=0

Finally, as a consequence of completeness and orthonormality we have ||f||2 = 3=, | ful?-

Remark 4.27 (Eigenfunction expansion, Laplacian). We shall show how the Fourier
transform provides an eigenfunction expansion for Hy = —A which has only continuous
spectrum. Write ¢o(z, k) = €7 and think of ¢g(-,k) as a family of functions of z
parametrized by a continuous index k. Then, we know that ~ satisfies

1

f(k) = Wl.i.m./cpo(x,k:)f(x) dx

where Lim. [ = L2-lim f|x|<M as M — oo. The o(-, k) are eigenfunctions with eigen-

value k2 in the sense that
(Hof)(k) = k*f(k)  if f € D(Hy). (4.6)

The orthogonality and “normalization” of the ¢g(-, k) imply Ran” = L2(R3,dx). The
completeness of the set {©o(+, k) }rern is expressed by

f(z) = Lim. (27T1)3/2 /4,00(:1:, k) f (k) dx
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and || f|* = [ |f (k)| dk.

Remark 4.28 (Lippmann-Schwinger equation). How can we find candidates ¢ for the
“continuum eigenfunctions” needed for an eigenfunction expansion of H = Hy + V7
Remember that Q% f has been defined only for f € L2, but suppose that we could make
sense out of QT (-, k). Then since QT Hy = HQT, p(, k) = QT po(-, k) should obey
Hp = k% in the sense of ([{.6). If ¢ = QT ¢ in some sense, then ¢y = (Q+)*p should
be in the limit as t - —oo of

t
€+1Hot€szt(p =p— Z/ ezHosveszsSDds
0

—0o0

. . ; _iL2

— ¢ —limi e Hosy o=k setes g
el0 0

= o+ lim(Hy — k* —ie) " 'We.
el0
Thus ¢ should obey

o(- k) = ol k) — Eﬁquﬂ — (K +ie)] V) (-, k)

or, using the free resolvent

1 etklz—yl

QO(CL‘, ) € A |x—y|

(W)e(y, k) dy.

hence by solving the Lippmann-Schwinger equation we get “eigenfunctions” ¢(+, k) with
QT po(, k) = (-, k). This directly gives us the Méller operators, and therefore the S-
matrix. To make this formal reasoning exact look at [RS79, Theorem XI.41].

4.4 Haag-Ruelle Scattering Theory

The task is to associate an S-matrix to a Wightman quantum field. The first problem
arising is the question what the free dynamics is. A possible solution to this, if the
Hamiltonian of the interacting model has the form H = Hy + AH; (e.g. ¢*-model), is
that we could use Hy. But we have seen that the free field for different masses leads to
unitarily inequivalent models (cf. Section . It turns out that the mass mg belonging
to Hy is not the correct mas

Assume that (H, D, A, Vo, U) is a Wightman quantum field. To read off the correct
mass from A we add the following axiom.

Definition 4.29 (® has an upper and lower mass gap). Let P, be the generators of the
translation subgroup U (a, I) of the Poincaré representation U(a,A). For some m > 0 and

21The problem here is that bare mass is not the same as physical mass as a relativistic particle never
escapes its own interaction.
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some € > 0, the spectrum of P, is contained in
{0} UHp UV ingep = {0} U{p|p* =m*po >0} U{p|p* > (m+¢e)*po > 0}

where p? = p% —p? —p2 — pg, Moreover, the set of vectors S which are eigenvectors for
p? with eigenvalue m? is non-empty, and there is a cyclic vector for the action of Ul(a, )
on S.

Figure 9: Illustration  of  the
condition in Definition

4.29

va+5.+

Remark 4.30. S is the family of vectors describing the states of a single spinless particle
of mass m. Definition ensures that the eigenvalue m? is an isolated eigenvalue of P2
Basically the idea is to create these one particle states by acting with a creation operator
on the vacuum. To guarantee that this strategy works we need another property.

Definition 4.31 (Coupling of the vacuum to the one particle states). The spectral weight
dp for the Killen-Lehmann representation (see Theorem has the form

dp(s) = (s —m) + dp(s)
where dp has support in [m + €, 00).

Remark 4.32. In the following we assume that A satisfies the conditions in Defini-
tions and The basic idea to exploit these conditions is to use the mass from
Def. and consider the free field ®,, of mass m. Now we want to define a map
J: Fr(L2(Hp)) — H via

n

[T A

i=1

J [H(cbm(g“)))ﬂo = Wy (4.7)

i=1

with?2| appropriate test functions ¢(*. Unfortunately this does not lead to a well-defined
quantity. Hence we need a little bit more preparation.

Definition 4.33. A solution f of the Klein-Gordon equation 1s called regular wave
packet if the Fourier transform of the initial data f(0,-),0:f(0,-) are in C§°.

Here, ®,, is the free field with vacuum Qo and A is the interacting field with vacuum ¥,.
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Remark 4.34. From the analysis of Section we see that ¢ = ¢4 + ¢_ with

1 ) . _
b (2,t) = — / et Wiy (k) d 'k

(v2r)
(0, F2 (0,

with ug (k) = $(f£(0,-) F w(k) 719, f+(0,)). Hence uy € C§°.

Definition 4.35. For two objects g,k (smooth functions or fields) we define the expres-
sion

(gc‘%k)(t):/ {g(m,t)gtk(m,t)—k(a:,t)gtg(x,t) P,

Remark 4.36. (a) Consider the free scalar field ®,, of mass m > 0 and a regular wave
packet f. Now ®,, (¢, x) is given as a quadratic form

/ B (t, 3) [0, g (t, 7) di d = (19, B (9)0)

forall g, € Dy so o=@ ... ®p™B0&... where pl9) € Z(R%---R?). Recall
that ®,, and 0;®,, can be smeared over space alone

Bps(g) = / oDt 2)dz (B0®ume)(g) = / 9(£)00B(t, 7) da

<~
50 @y, 1, 09 Py ¢ are operators (“time zero fields”). Hence we can plug @, into g0y ®Pp,.
The latter is independant of ¢ since f and ®,, are solutions to the Klein-Gordon
equation. If the Fourier transform of f in the spatial variables has the form

£ 1 —iw
fp:t) = ryhR)e P (48)
then we get a creation operator
)Ny . * 3
[0y, = Z/h(p)a (p) d”p. (4.9)

In particular, (4.9) shows that as n runs through No and f; runs through all choices
obeying ({.8)), the vectors

(flgf]@m) e (fngg@m) Qo (4.10)

run through a total set of H,, = F(L?(H,,)), the Hilbert space of the free field.
Thus for all ¢ € H,, there is at most one way to write ¢ like so. Doing the opposite,
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l.e.
A 1

fot) = 7= [ Hpe0"

yields the annihilation operator

oy = —i / h(—p)a(p) *(p).

Hence this is a somewhat awkward way to recreate the Hilbert space of the free field.

Now we can come back to the idea in in Remark We need an expression
for the right-hand side of similar to (£.10). Pick a function h in C§°(R) so
that h(y) = 1 near y = m? and supp h C (0,m? + ¢). Define a new operator-valued
distribution B(x,t) by B(p) = h(p*)A(p) in momentum space, that is,

B(g) = A(Tg) (4.11)
for any test function g where
Tg(p) = h(p*)3(p)-

Now let f € .#(R3). Then f(p)e ®h(p?) is in .&(R*), so we can pick g in (4.11)

to have the form f(z)d(t — to) with f € .#(R®). Hence §(po,p) = f(p)e % so

G(po, )h(p?) = f(p)e~™Poh(p) is in .#(RY). Thus B(t,x) can be smeared with re-

spect to space alone as B(f,t) = A(T f ® &) is C*° in t. Now B(-,t) is smooth in ¢

just as 9;B(-,t). In particular, for any f € C°°(R?) with f(-,¢) and 9o f(-,t) in /(R?)
<~

for each ¢, we can look at (f0yB)(t) for a regular wave packet. By Definition 4.31

<(f8HoB) Ty, (9503) Wo) = <(f§)B) o, (987)3>§20> (4.12)

for the left-hand side of can be written in terms of the two-point function
for A. Since B has built into it a factor of h(p?), Definition says that only the
0(s —m) term from the spectral weight survives. What is then left is the same thing
that would occur if A was equal to ®,,. Since ém(p) = h(pz)ém(p), holds. In
other words: B has the same two-point function as the free field. Hence the idea is
to compare

n

= H (fig())B) ‘t:O\IJO (4.13)

=1

J [ i (fz‘g(;@m>90
=1

e
where f;00B is the creation operator for one part of interacting theory. That this
works is the content of the following theorem which is the main result of the Haag-
Ruelle scattering theory.
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Theorem 4.37. Let A be a hermitian scalar Wightman quantum field, satisfying Defi-
nitions [£.29 and [{.31] Then the following statements hold.

(a) For any reqular wave packets f1,..., fn, the limits

i (145) - (RB) 0t g 5

exist in the norm topology on H and are independent of the choice of h.
(b) Let Hin and Hoyr denote the closed spa@ of the M and Noys. Hin and Hour are left

invariant by the representation U of the Poincaré group.

(c) There exist operator-valued distributions pin on Hin and @ous 01 Hout $0 that (Hip, Upin)
and (Hout, Upout) are unitarily equivalent to the free fields of mass m and that

Nin (f1,-- fn) = (flg())@ggt) T <fn5())80in)\1/0-

out out

Proof. |[RST9, Theorem XI.109] O

Remark 4.38. Let fi,..., f, obey (4.8). Now we can unambiguously define a map J
from a dense subset of H,,, the Hilbert space for the free field of mass m, to H by (4.13).
Note that J is well-defined because a given vector ¢ € H,, can be written in at most one
way as

o =TI (5o )

=1

<~
if the f; are required to satisfy 1} Let 2 be the set of vectors ;- (fiOoPm )0 which
is total in H,, by (4.9). Then the following result holds.

Corollary 4.39. The limils

OF = glim et Je—iHo
t—F oo

exist and define partial isometries Q7 : Hy — Hin and Q7 : Hp — Hout-
Proof. Let e~"ho f be defined via
(e f)(s,2) = f(s +t,2).

Then

Qo

) "o
e~ itHo [H fi00 @,

i=1

n ) VN
Qo = [H e~ £,00 D,

i=1

23The closed linear span of some non-empty subset £ C X of some normed vector space is the intersection
of all the closed linear subspaces of X which contain FE.
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S0

eitH (fl(; t)é_(:B(, O))e—itH\Ijo

=

. , L
€ltHJ€_ZtHO [H fza(]q)m QO =

1=1

1

.
Il

I
=

( fﬁ%B) (£)Wo.

1

-
Il

By Theorem the limits defining QF exist and

OF ] fioo®m | Q0 =]] (fiaoso in )\I’o. (4.14)
i=1 =1 out
By (c) of said theorem, QF are isometries. O

Remark 4.40. Eq. (4.14) says that

OFd, = o, OF.

out

In particular, the S-matrix S = Q1 (227)* obeys
Pout = S pinS

if we have the condition of asymptotic completeness
Hin = Hout = H.

Since ¢, pour are free fields, they obey a particle interpretation in terms of the particle
number operator. To understand this remark, note that as free fields ¢;, and ¢y are
accompanied by representations U;y, and Uyt of the Poincaré group, which are unitarily
equivalent to the second quantization I'(U,,) of the irreducible representation U,, on
L2(H,, Q) introduced in Prop. the latter was identified as the description of a free,
relativistic, elmentary particle of mass m and spin 0. Since Hi, and Heoyt can be identified
via the map J with the bosonic Fock space over L?(H,,, ), normalized vectors ¢ € Hj,
or ¢ € Hout can be regarded as (the description of) states of a finite number of mutually
non-interacting particles of this type. They are non-interacting because they are located
(at t = £oo) at an infinite distance and therefore they do not recognize each other.
This is possible, since the interaction mediated by massive particles is “short range”,
i.e. translated to the non-relativistic case: the interaction potential falls of faster than
distance™!. The S-matrix now describes how these free particles at t = —oco evolve into
free particles at ¢ = 4o00. In between, i.e. at finite times, the system interacts and a
consistent interpretation in terms of particles is usually not possible.
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5 Perturbative Theory a la Epstein-Glaser

5.1 Time-dependent Pertubation Theory in Quantum Mechanics

In this section we will have a short look at the time-dependent Schrédinger equation

WO _ in e

and the corresponding scattering theory. For unbounded operators this equation is prob-
lematic, at least without further (and most likely very restrictive) statements about the
domains of H(t). Therefore we will assume that H(¢) is self-adjoint and bounded.

Definition 5.1. A two-parameter family of unitary operators U(s,t) for s,t € R which
satisfies the following conditions is called a unitary propagator.

(a) U(r,s)U(s,t) =U(r,t)
(b) U(t,t) =1

(¢) U(s,t) is jointly strongly continuous in s and t.

Theorem 5.2 (The Dyson expansion). Let t — H(t) be a strongly continuous map of R
into the bounded self-adjoint operators on a Hilbert space H. Then

Ult,s)p = ¢ + i(—i)" /t /tl . /tn_l H(t)...H(t)pdt,. .. dt
~ s Js s

defines a unitary propagator on H such that for all ¥ € ‘H we have

st(t) = U(ta '9)\1]

satisfies

d .

5 Ps(t) = —iHps(t)  ¢s(s) =T (5.1)
Proof. |[RS75, Theorem X.69| O

Remark 5.3. We can motivate this setup by rewriting (5.1 as an integral equation

palt) = pals) — i / H(t)gu(h) dts

and inserting this expression recursively into itself. Of course this procedure does not
prove anything.

Remark 5.4. We can extend the integrals to integrals over the whole interval [s, t]. Let’s
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have a look at n = 2.
t t1
/ / H(t1)H (t9) dts dty

Figure 10: The domain of integration is a triangle. ¢,
We obviously have Ay = {(t1,t2)|t2 > t
tl} and Al = {(tl,tg) |t2 S tl}.

A,

Ay

t1
Consider the map
F: (tl,tg) — (tg,tl) F(Az) = A4
so an integral over As can be mapped to an integral over A; by flipping ¢1; and t5. Note

that as det(DF') = 1, the transformation of the integral does not lead to an additional
factor. Fubini yields

H(to)H(t) dtadtr = | H(t)H(to) dty dts = | H(t1)H (t2) dts dt:.
Ao Aq Ay

Now we introduce a “time-ordered product”

T{H(t1)H(t2)} = {
We then get
/st /:1 H(t1)H (tg) dta dt; = N H(t1)H (t2) dte dt; = /Al T{H (t1)H (t2)} dta dty
and
/: /:1 H(H () dydty = [ B H ) it = [ T(H()H) i

For general n we define
T{H(t1)...H(t,)} = H(o(t1)) ... H(o(tn))

where o : {t1,...,tn} = {t1,...,tn} is a permutation with o(t1) > ... > o(t,). With an
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induction argument we get

//h /tnl (b2) - H(tn) b dtl—/ /T{Hn (t)} dbn ... dt1.

Thus the Dyson series gets the more familiar form

Remark 5.5. By the proceeding remark we see that each term of the Dyson series is
bounded by

[t — s|¥ n
" (sup 1H()]) el

r€(s,t]

Hence the series converges in norm to a unitary U(s,t). Checking that U(t,s)¥ solves
our original equation can now be done term by term. Checking further that U(¢,s) is a
propagator is straightforward.

Remark 5.6. Although the Dyson expansion requires H(t) to be bounded, by passing
to the “interaction representation” we can use it to handle certain cases of the form

H(t) = Hy+ V(t)

where Hy is a (possibly unbounded) self-adjoint operator and t — V(¢) satisfies the
hypotheses of Theorem Define

f/(t) = eitHOV(t)e_itHO.

Then t — V(t) also satisfies the hypotheses of Theorem and we denote the corre-
sponding propagator by U(t, s). If we now set

Ult,s) = e o[ (t, 5)eisHo (5.2)
then, at least formally, U(t, s) satisfies

iU(t s) = —iHoe 00 (t, 5)eisHo 4 e7isHo (3 (1))U (¢, 5)esHo (5.3)

dt
= (—iHy — iV (t)U(t,s)
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so ps(t) = U(t, s)1 should be a strong solution of

d

9s(t) = —i(Ho +V()ps(t)  psls) =¥

The difficulty is that HoU(t,s) = Hoe "*HoU(t, s)e’*Moy) may not make sense since
f](t, $)1 may not be in the domain of Hy even if ¢ is. However, for any ¢ € H,s(t) =
e~ M7 (t, 5)eHoy) is always a “weak” solution in the sense that for any n € D(Hp),
(n,s(t)) is differentiable and

i%"’%(’f)) = (Hon, ¥s(t)) + (V (), 0 5(2)).

For our purposes the formal reasoning in ((5.3)) is sufficient. For a more detailed discussion
of the validity of (5.3)) and possible generalization we refer to [RS75|, Section X.12].

Definition 5.7. Let U(t,s) be the unitary propagator associated to H(t) = Hy + V(t)
according to Theorem[5.3. We say that the associated wave operators exist iff the strong
limats

QF = s-lim U(t,0)*e o
t—F oo

exist.

Remark 5.8. We can form the S-matrix as

§ = (@) = (slim U(t, 0)*6—“H0)*(s_1im U(s, 0)"e10).

t—o00 §——00

If we ignore all warning signs and pretend that we can exchange adjoints with strong
limit§?? and operator productd®| we get

S = s-lim ey (t,0)U(s,0)*e 50
t—o0
S——00

with U(s,0)U(0,s) = U(s,s) = 1 and the other way round implies U(0,s) = U(s,0)* so

we get

S = slim eitHOU(t,O)U(O,s)e_iSHO = s-lim eitHOU(t,s)e_iSHO.
t—o0 t—o0
S§——00 S——00

However according to Remark the operator

Ult,s) = et Moy (t, s)esHo

24We can’t as A — A* is not strongly continuous.
%5(A, B) — AB is not jointly continuous in the strong operator topology.
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is the unitary propagator belonging to the family
ts V(t) = etHoy (t)eitHo
which we can express as

S = st;horgl Ul(t,s) =“U(—o0, —0)

T (5.4)
=1+) — / T{V(t1)... V(ty)}dty ... dt,.
ol Jga

This is the perturbation expansion of the S-matrix in quantum mechanics. Note that we
have done several “forbidden” things like exchanging adjoints and strong limits. Hence
we shouldn’t be too surprised if the series does not converge, even in otherweise harmless
situations. This is, however, not necessarily a problem. Even if convergence is not given,
the first few (say two or three) terms of the expansion can for small potentials lead
to reliable approximations of S. Cross sections derived from such a procedure can be
reproduced with great accuracy in the laboratory@

5.2 Time-ordered Products

Let’s have a look at the Hamiltonian of the ®*-model

H = Hy + g/d :®,,(0,2)%: d e (5.5)
Rd—1

where ®,,(t,z) is the free scalar field of mass m > 0 and Hy is the corresponding
Hamiltonian. Note that m is the “bare” mass, and not necessarily the “physical” mass
identified in Section [£.4] via spectral properties of spacetime translations of the interacting
fields. In fact the great advantage of this perturbative approach (or its biggest problem
— this depends on your personal preferences) is that we do not need (and in most cases
do not have) the fully interacting theory. The term

Hr = / : Dy, (0, )% d e,
Rd—1

26This is the meaning of “reliable” in this context. We can look at it as in the Taylor expansion of a
smooth but non-analytic function f : R — R around a value zg € R. Although the Taylor series
does not converge, a Taylor polynomial T, f(zo, x) for some order n € N and small enough |zo — z|
can lead to a good approximation of f(x). Mathematically the question is to understand what these
approximations tell us and in what sense they are “good” approximations. For stationary pertubation
theory such questions are studied in |[RS78|. We are not following this route but continue with
quantum field theory.
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plays the role of the potential in the discussion of Remark Hence we look at
Hi(t) = etHot jpe~iHot — / e ol (0, x)etHOt qd—1y = / Dy, () di e,
Rd—1 Rd—1

Using the formal expression ((5.4) we get

=1+ Z /[Rd /ned T{®,, xl,tl) . .:@m(xn,tn)4:} dxydt, ... dridty

n=1

or
—Z n n
=1+ Z / / TED (Y1) .. O (yn)* 3 dym - . . dipy (5.6)
R4 R4

with y; = (¢;,2;). Again T denotes time ordering. This expression has several problems.
First of all, the series does not converge to a unitary operator. After the discussion of
the last section this is not a big surprise. Now, however, not even the terms for finite
n are properly defined, and any effort to caclulate scattering amplitudes in a naive way
by evaluating formally leads to divergencies, either for small (infrared) or large
momenta (ultraviolet). Based on our experiences from Chapter [3| where we have studied
very simple interacting models we are not surprised about these difficulties either: to start
out with free fields and treat the interacting model as a small perturbation thereof just
does not work. In Chapter [3| we have had to change to a new representation of the CCR
in order to get a mathematical well-defined quantum field. In the perturbative approach
we have to find related methods to overcome the divergencies.

As a first step we replace the coupling constant g in ( . by a compactly supported,
space and time (!) dependent smooth test function g € Z(R*). Hence we get

S(g) =1+Z(_i)n/[Rd---/Rdg(yl)---g(yn)T{:@m(yl)“:---:<I>m(yn)4:}dyn---dy1-

(5.7)
This step removes all infrared divergencies from the model. To treat the latter we have
to send the function g to a fixed value, and handle the corresponding limit of
appropriately, this is called the adiabatic limit. Some studies in this direction are already
done be Epstein and Glaser [EG73|, in these notes we skip this part. Instead we will
have a short look at the local structure of the model, which is completely determined by
knowing S(g).

The second step needed to make sense of the formal expression in is to define the
time ordered product T ®,,(y1)*:...: @ (yn)*} as an operator-valued distribution for
each fixed n . This can be done quite easily if all the spacetime events y; are different.
Poblems arise, however, on coincidence points, i.e. if y; = y; holds for some j # k. To
resolve these problems we follow a recursive procedure introduced by Epstein and Glaser
[EGT73]. The same method in the context of QED is descibed in detail in the book of
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Scharf [Sch14]. In a curved spacetime context this method was first studied by Brunetti
and Fredenhagen [BF00|. The latter is based on a slight modification of the orginial
construction, which was proposed by Stora [Sto93|. We will loosely follow the paper of
Brunetti and Fredenhagen, but translated back to Minkowski space.

Remark 5.9. Therefore we proceed with two complementary strategies.

(1) We look at S(g) as a formal power series in g which is, however, well-defined term
by term.

S@ =1+ [ STl o) -9 o diy
n=1 :
and for f € .7 (R9)")

[ /f(y1 e Y)Y, - yn)gWa) - 9(Yn) dyn - - - dyr = T (f)

is a well-defined operator-valued distribution on the Hilbert space F (L?(H,,)) =: H
of the free field. We do not care about convergence. In order to be able to define
products S(g1) ... S(gn) we need T;,(f) to be defined over the dense domain Dy C H
which is independent of n and f. Operator-valued distributions equal quantum fields
but possibly without a cyclic vector.

(2) We characterize S(g) axiomatically. In the case where S(g) is given as a formal power
series these axioms leads to conditions which we can use in the recursive construction
just mentioned. We will start with some remarks concerning calculations with formal
power series.

Remark 5.10 (Permutation invariance). Since the products g(y1) ... g(yn) are permutation-
invariant, the T}, can also be chosen to be permutation-invariant. For a set of arguments
X = {y1,...,yn} we will frequently write T,,(X) = T, (y1,...,yn). In terms of test
functions this means that T, is completely determined if its value on symmetric test
functions is known. The space of the latter is denoted by .Zsym((R?)™). In other words
f € Lym(RY™) iff f € L((RN") and f(x1,...,%n) = f(Tx(1)s-- - Tr(n)) holds for all
(z1,...,2,) € (RY)™ and all permutations 7. A general distribution can be projected to
a permutation-invariant one by restricting it to symmetric test functions. We will fre-
quently be doing this by first defining a non-symmetric one (e.g. as a tensor product) and
then doing this projection (cf. the treatment of products of formal power series below).
For later reference let us add the remark that the space of linear combintions of pure
tensor powers of the form ¢®" = g ® - -+ ® g is dense in Feym((R?)™), while the latter is
a closed subpsace of .((R%)"). Exercise: check both statements.

Remark 5.11. (a) (Formal power series, algebraic properties). Mathematically we can
define a formal power series in g just as the seqeunce (T},)nen of operator-valued
distributions. Writing them as a series is, however, a useful book keeping device
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when algebraic operations are concerned. Look at

1
:an/Un(xl""axn)g(fﬁl)--og($n)d$1...dxn
n=0

1
Vig) = Zn'/Vn(xl,...,mn)g(ﬂsl)...g(xn) dzy...dx,
n=0

where Uy (21, ...,2y), Vo(z1,...,x,) are operator-valued distributions on H,, with
domain D.. The linear combination for any A € C is given by

U(g) + V(g Zn'/ (1, ) F AV (21, ) g(21) - g(@n) day

Further the product is given by

=1
:Zn‘/Wn(xl,...,:En)g(xl)...g(xn)d:pl...d:l:n
n=0 "

where
n

n
W21, .oy y) = Z (m> Un(z1, ..oy 2m)Voem (Tmt1, - - Tn)-

m=0
Note that this quantity in general is not permutation-invariant. We can solve this
problem by a projection to the symmetric part (as described in Rem. |5.10)), and (by
using the same symbol in abuse of notation) get

= > UMV(X\I).

IcX

Note that this is probably not an operator-valued distribution . (R**) — Op(D.s, H).
The problem which might arise is that only for quantities of the form

W(f1 ® f2) = Un(f)Vaem(f2), f1 € L((RY™), fo € L(RH™™)

we can be sure to get an operator W(fl ® f2). If ,¢ € Dy, we know by the
nuclear theorem (Theorem-) that Wys(f1® fo) = (¥, W (f1® f,,)$) is a numerical
distribution, i.e. Wy, can be smeared by any test function f € y(([Rd) ). However,
it is not clear whether the quadratic form given by W (f)[¥),¢] = Wy 4(f) belongs
to an operator. Note that we have dealt with a similar problem already in Prop.
[1.40] The method used there is not applicable here. We will solve this difficulty by
restricting the possible choices for the U,, V.
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(b) (Inverses). For expressions of the form 1+ 7T'(g) we can define the inverse as follows.

(1+T(g) " = i)(—T(g))"-
We get :
(1+T(g)) i(—T(g))" = i(—T(g))" + iT(Q)(—T(g))”
=1+ f:l(—T(g))” - f:o(—T(g))"+1 =1

We want that (1 +T(g))~! again is a formal power series which yields

(14+T(g9) ' = Z(_T(g))n — Z % /Tm(xl, ey Zm)g(z1) . g(z) doy L day,
n=0 m=0

(5.8)
with
n=0 I,...,Ip

where the second sum on the right-hand side is taken over all partitions of X =
{z1,...,zp} with X = U...UIL,, [; NI = 0 for all j # k and I; # ) for all j.
This follows from expanding the powers of —7 in (5.8)), e.g.

(-7 =1, (-T)'=-T, (-1)*=T1%= /Tl(arl)g(xl) dxqy + /Tl(@)g(@) dzo + . ..

Thus
1 from —T from —T from T2
(I1+T(g) =1-Ti(9) —Ta(g®g9)+ (N1 @T1)(g@g)+...
Hﬁ(,—/ -
=T1(g) =T>(9®g)
etc@.

(c) (Adjoints). Define

S(g)*:1+Z$!/T7f(ml,...,xn)g($1)...mdxl...dmn.

—T3 (99.-.89)|p ,,

*"Here, (T1 ® T1)(g ® g) is short for [ T1(z1)Ti(22)g(x1)g(w2) dr1dzs to simplify the notation.
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(d) Products with operators A: Dy — D C H are given by

AS(g) = A+ > AT, (g®...®g).

Thus, the set of formal power series becomes a complex *-algebra (provided we can
handle the problem with products mentioned above).

Now we want to present the already mentioned axioms the S-matrix has to fulfill. In
this context we can look at S(g) either as formal power series on the free field Hilbert
space H,, or as a unit operator on the Hilbert space of an interacting field H (possibly
derived with methods similar to those discussed in Sect. .

Definition 5.12. S(g) is called
(a) unitary if S(g)~! = S(g)*.

(b) translation invariant if
U(a,1)8(g)U(a,1)™" = S(ga)  galz) = g(z — a)

with U : 731_ — U(Hy) or U(H) being the representation of the Poincaré group
associated to the free field (H,,) or the interacting field (H).

(¢) Lorentz invariant if
U(0,1)S(g)U(0,1)* = S(Ag)  Ag(z) = g(A™"x).

Definition 5.13. For z,y € R* we write x > y if

xNy—-V )=0

where V' denotes the closed past cone.

Figure 11: Hlustration of Definition T
In the left picture, y ®
lies in the past cone of z xT Y

but not vice versa so x 2 ¥y
but y Z . Thus in the right
picture, we obviously have
xZyandy 2 x.

Definition 5.14. S(g) is called causal if S(g1 + g2) = S(91)S(g92) whenever supp g1 2
Supp g2.

Remark 5.15. To motivate Definition let’s have a look at the quantum mechanical
setting with a potential V(¢). Assume that we switch the interaction potential V' (¢) on
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and off with a cut off function ¢ : R — R. Hence we look at g(t)V(t). For ¢ = g1 + g2
with g1, g2 € C°° and supp(g1) C (—00, s), supp g2 C (s,00) we get

gV =gV + g V.

Formally we can calculate the S-matrix according to Egs. (5.2]) and (5.4). Hence with
Uo(t,s) = exp(—i(t — s)Hp) we get

S(g1 + g2) = Up(0, +oo)U(+oo, —00)Up(—0,0)
7 N

= Up(0, +00)U(+00, s)Us(s,0)Up(0, s)U(s, —00)Up(—00,0) = S(g2)S(g1)
where the arguments oo stand for the corresponding strong limits, and U(t, s) is the
propagator used in Eq. (5.2]). Also note that we have used the fact that in the definition

of S(g1) the interacting time evolution and the free time evolution between —oo and s
coincide, such that we formally have

S(g1) = Up(0, +00)U (+00, —00)Up(—00, 0) = Uy (0, +00)U (+00, 5)Us (s, 0).
Our next task is to translate the axioms into conditions for the T5,.

Proposition 5.16. The following statements hold.
(1) If S(g) is unitary then T, = T:t.
(2) If S(g) is translation invariant then

Ua, )T (x1,...,2,)U(a,1)* =Ty (z1 +a,...,x, + a)

when written with test functions.

(3) If S(g) is Lorentz invariant then
U(a,N\)Ty(x1,...,20)U(a,A)* = T, (Azq, ..., Axy).
(4) If S is causal, then {x1,...,2m} 2 {Tm+1,-..,Tn} implies
To(z1, .- xn) = Tty ooy o) T (Tt 1y - -+ 5 T (5.9)

Remark 5.17. The formal expression used in Eq. requires an explanation in term
of test functions. Hence, consider open subsets U; C (R?)™ and Uy C (R%)"~™ such that
{z1,.. . xm} 2 {Tm+1,- .-, 2n} holds for all (z1,...,2,) € Uy and all (xy41,...,2y) €
Us. Now we can choose test functions fi € Faym((R)™) and fo € Fym((RY)"™).
If supp f; C Uj, j = 1,2 holds, the operator-valued distribution should factorize as
To(f1 @ f2) = T (f1)Tn—m(f2). This should be regarded as the precise version of the
formal statement in Eq. .

Proof. Only the last part requires a discussion. Consider open sets Uy, Us as in the
previous remark and test functions g1,g0 € .#(R?) satisfying supp g™ C U; and
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supp gz( m Us. By assumption this implies S(g1 + g2) = S(g1)S(g2). Expanding

S as a power series gives

Z Z (n = /Tn(arl, oo xp)gi(@r) o g1(@m)ge(Tmat) - - - g2 () doy .. day,

n=0m=0

= S(g1 +g2) = S(g1)S(g2) =

Z Z il /Tm(xl, coirs o) T (B 1, ooy T )91 (1)« - . g2(Tp)dey - . dy,

n=0m=0

Comparing the two series term by term, leads to

To(gE™ @ g5 ™) = T (6™ T (95" ™)

Now the statement follows as linear combinations of tensor products g®m are dense in

Fym((RN)™) and similarly for go; cf. Remark [5.10 - O

5.3 Recursive Construction off the Diagonal

In this section we will construct the T}, by an inductive procedure on the space R¥"\A,,

with A, = {( )|m 6 R?}. To this end it is convenient not to look only at
T @m(xl)4 . (I> ) but to allow more general interaction Lagangians, i.e.
T(L1(z1) ... Ln(zn)) w1th.£ (zj) =: @y ()% :. A generalization to also include deriva-

tives of the ﬁelds is stralghtforward but av01ded here; cf. [EGT3]|. We start with a col-
lection of properties the T}, should satisfy. They are mostly derived from Proposition|5.16|

Property 1. (Well-posedness). The symbols T'(L1(z1) . . . L,(xy,)) are well-defined operator-
valued distributions on the Hilbert space H,, of the free field with invariant domain D .

Property 2. (Symmetry). Any time-ordered product T(L1(x1) ... Ly (zy)) is symmetric
under permutations of indices, i.e. the action of the permutation group of the index set

{1,...,n} gives (cf. Rem.
T([’ﬂ(l) (mﬂ'(l)) s £7r(n) (mﬂ(n))) = T('Cl(xl) s ‘C’fl(xn))

in the sense of distributions.

Property 3. (Causality). Consider any set of points (21,...,2,) € (R*)" and any full
partition of the set {1,...,n} into two non-empty subsets I and I such that no point
x; with 4 € I is in the past of the points ; with j € I¢, i.e. ; ¢ J‘(a:j)@ forany ¢ € T
and j € I¢. Then the time-ordered distributions are required to satisfy the following

*8Here, we use the notation Th(z1,...,%n) = T(Lj, (25,),- -, L), (2;,)) where the left hand side de-
scribes the time-ordered product and the £ are the interaction Lagrangians.

*Here, J ™ (x;) = 2; — Vo where Vo = {v € RP|g(u,v) > 0,v9 > 0} is the past cone. Thus J (z;) is
the past and analogously, J " (x;) the future causal cone at z;.
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factorization property (cf. Rem. |5.17))
T(Li(21) ... Lo(tn)) = T(Hﬁi(:ci))T( I1 cj(:cj))
icl jele
Property 4. (Translation covariance).

T(Li(x1+a)...Lop(zn+a) =U(a, )T (L1(x1) ... Ln(zn)U(a,1)*

Remark 5.18. There is one important point missing, which addresses our concerns
about products from Rem. We are going to restrict the operator-valued distriutions
T(Li(x1)...Ly(zy)) to be within a certain class which is well-behaved under products.
To this end we have to introduce some additional notations. As already stated we have
Lj(x) =:®,,(z)% :. Now for any integer r > 0 we can define

Ey)(x) = (kfilr)! (@ ()R for kj — 7 >0
£ (@) = kj!
L (z)=0 for kj —r < 0.

We can look at £")(z) as a functional derivative of £(x) with respect to ®,,(z). This
point of view can be made rigorous by using commutators. Please check that £(1)(:L')
satisifies and is uniquely determined by the conditon (cf. [BF00, Lemma 2.3|)

/ F(@, ) [£(), B} dar dy = / @) B, ) L@ dedy  (5.10)

with f € .7(R? x RY) and ¢ € D . The distribution E € .#/(R? x RY) is the “comutator
function” given by

/ F)g()E (e, ) dr dy = (2, B ()1 (9)C1).

Note that we have implicitly claimed that the product of the numerical distribution F
and the operator-valued distribution £()(x) on the right-hand side of (5.10)) exists. Since
E is translation invariant, this case is covered by the following theorem ([EG73, Theorem

0])

Theorem 5.19. Let F' € .7/ (R%™) be a tempered distribution such that F(z1,...,1,) =
F(z1+a,...,z,+a) for all a € RE. Then, for any multi-index r = (rq,...,r,) and any
fe s R

/F(ml,...,xn):q)m(azl)” Ceca @ ()™ f(xn, . xg) day - day,

is a well-defined operator on Dy — Do C Hpy,. It depends continuously on f in the
sense that the vector obtained by applying it to any vector of Do depends continuously
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on [ in the norm topology of H,.

Remark 5.20. By looking at commutators and applying Eq. (5.10) we can reduce the
order k; of products : ®,,(x1)" : ... : ®p,(z,)* :. Combining this with an induction
argument this leads to the generalized Wick expansion theorem (alternatively look at
[Hep9o))

1D (1)L Dy ()%
s1l...sq! '

Liy(w1) . Ly (mg) = > AR LE (@1) ... LS (24))

S1;---,8q

(5.11)

Hence the product of Wick monomials : @m(xj)kj :leads to a Wick polynomial with dis-
tributional coefficients. The latter are translation invariant such that we can apply Thm.
to see that each term on the right-hand side of is an operator-valued dis-
tribution. Using Eq. again, a straightforward calculation shows that the product

W(z1,...,xn) = U(x1,...,25)V(Tks1,-..,2Tn) of two such polynomials U(zy,...,xx),
V(xg41,-..,Ty) is again a polynomial of the same type and therefore an operator-valued
distribution W(z1,...,2z,) on (RY)"™. In other words, as long as we can expand the

T(Lj (x1)...Lj,(24)) into Wick polynomials as just discussed, all the products of dis-
tributions we encounter are well-defined as (operator-valued) distributions and all the
concerns from Rem. [5.11] are resolved. Based on that observation we add the condition

Property 5. (Causal Wick Expansion).

DI (1) .. DI (2)
g1l gn!

T(Ly(x1) . Lo(zn)) = D (Qun TLY (21) . L5 (20))S00)

jl""ajn

Remark 5.21 (Induction step). We start the induction by setting 7'(1) = 1 and
T(L) = L and assume that the time-ordered products for 1 < [ < n — 1 factors
have been constructed and satisfy all the defining properties. In a first step, we define
T(Ly1(z1) ... Ly(zy)) on IRd'”\An where A, again is the set of coincidence points.

Remark 5.22. The basic idea for the definition of T(Li(x1)...Ly(zy)) is to use the
expression

T(x1,...,zn) =T(L1(z1) ... L) T (Lig1(@pt1) - - - Ln(z0))-

Together with Property 5, the discussion in Rem. shows that products of this form
are operator-valued distributions on (R?)", and by the induction assumption both factors
on the right-hand side of this equation are known. On the whole space, T does not define

the correct time ordered products (since in general we do not have z; 2 xy for all
j=1,...kand all { =k +1,...n). But we can restrict T" to the set
C={(x1,...,xn) € RY" |2; 22y Vj=1,.... k¥ =Fk+1,...,n} (5.12)

and here the ordering is correct. Since C C (R?)" is open this restriction defines an
operator-valued distribution and our construction is complete — at least on C. All we
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have to do is apply the same idea to all sets arising from C by permuting the indices
j = 1,...,n, and look whether these local solutions fit together. To proceed in that
direction, we need the following definition. Note that from here on we will follow [BF0O]
very closely.

Definition 5.23. Let J be the set of all non-empty proper subsets I of {1,...,n}. For
each I € J we define in analogy to

Cr={(x1,....an) € RN"|2; ¢ J (x;),i € 1,j €I

Lemma 5.24. The C; overlap (RY)™\A,,. In other words we have

U ¢ = ®R)M\A,.

Ieg

Proof. The inclusion U;C; € (RY)™\A,, is obvious. The opposite inclusion is proved as
follows. Consider any set of points (z1,...,2,) such that x; # x; for some ¢ # j. This
implies that either x; is in the causal future of z;, or x; is in causal past of x;, or both
are spacelike separated. In all cases we can find a spacelike hyperplane 3 such that one
point is in future of 3 and the othe in the past, while none of the x, k = 1,...,n is
an element of . With slight loss of generality we assume that z; is in the future of X
(the other case is easily adopted). Now we define I = {k|xj in the future of X}. I is
non-empty since ¢ € I and it does not coincide with J since j & I. Hence I € J and
(x1,...,2pn) €Cr. O

Remark 5.25. We use the short hand notations

T!(z7) = T(Hﬁi(zi)> wr = (zi,i € ).
i€l
The first step now is to set on any Cy

Ti(z) := T ()T (z1e)

as an operator-valued distribution. Recall from Rem. that 77 is an operator-valued
distribution on the whole space (R?)™ and that its restriction has the correct operator
ordering on the open subset Cy of (R?)". We now glue together all operators Ty for different
I € J. To this end we have to show that on the overlaps Cr, NCy, the (restrictions of) the
corresponding distributions 77, and 17, coincide. This is done in the following proposition
(Prop. 4.2 of [BF00]).

Proposition 5.26. For any choice of I1,Is € J such that Cr, NCr, # 0 we have
Tr, ‘Cllmclz = T12|Cll NCry

in the sense of operator-valued distributions over (R4)™\A,,.
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Proof. Let I1,I» € J and z = (x1,...,2,) € Cr, NCr,. Using the causality property
(Property 8) which by assumption is valid for time-ordered products of less than n factors
we find

TIl (xh) = TIlmIQ (3311 N $I2)T11QI§ ('7511015)

Tzlc(xllc) _ NI (s N sz)TIfmIQC(CU]fQIQC) (5.13)
and similarly for 772 and T'2. Now note that (z1,...,z,) € C, NCy, together with the
definition of C; implies that x; with ¢ € Iy N I are neither in the causal past not in the
causal future of x; with j € I{ N I>. In other words they are spacelike separated, and
therefore 7117z and T'i"2 commute. This follows because we can write both terms by
Property 5 (causal Wick expansion) as Wick polynomials, and Wick powers of the free
field mutually commute at spacelike distances. Hence using and Property 3, on
Cr, NCr, we get

> C z C C
T[1 — TflﬂIQTIfﬂIQTflﬁI2TIfﬂI2 — TI2TI2 — TIQ- ]

Remark 5.27. Now let {f7}7e7 be alocally finite smooth partition of unity of (R%)™\A,,
subordinate to {Cr}res. Also recall that by remarks and we have defined T7
as an operator-valued distribution on C; with domain D . We can extend it to all of
(RH™\ A, by f > fiTr(f) = Tr(frf), where f is a smooth test function with compact
support in (R%)™\ A,,. Since the set J is finite we can just add all f;T7 to get

OT(Ly(21) ... Ln(xn)) =D fiT) (5.14)

IeJg

which is an operator-valued distribution on (R%)" \ A,. Now, the main result of this
section is the following (Thm. 4.3 of [BF00]).

Theorem 5.28. The expression in Eq. is a well-defined operator-valued distribu-
tion on (RH™M\A,, with domain Do C H. It does not depend on the choice of the partition
{fi}re7 and satisfies Properties 1-5 (on (RD)™M\ A,,).

Proof. We have already seen that %7 is an operator-valued distribution. Hence let us
show the independence on the choice of the partition of unity. To this end we choose a
second partition {f;}re7. For x € (RY)™M A, let K = {I € J |z € C;}. Since K is finite
and the C; are open, there is an open neighbourhood V of x such that V' C NyexCr.
Similarly 7 \ K is finite, too, and we can choose V such that

V (isupp(fr) = V Nsupp(f7) = 0. (5.15)

This implies

S (= MTilv =D (fi = DTy

1eJg Iek
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By Prop. the restriction of 77 to V' is independent of the choice of I € K. Due to
Eq. and by the property of the Fy, F; we have > ;s fr = > ;e f1 =1 on V,
and therefore the definition of °T" does not depend on the choice of the f;, as stated.
This shows Property 1. For later reference let us also note that our arguments imply that
the restriction of T coincides with the corresponding restriction of Ty for any I € K. In
other words °T'|y, = (T7)|y holds for all T € K.

To show permutation invariance (Property 2) we look at the permuted distribution
O™ (xq,...,2,) = OT(,CW(I)(:EW(I)) e oo L) (Ta(ny))- Since J is invariant under permuta-
tions we get the expansion

TT =3 T =Y i Tao

Icg Ieg

But T, = T; and {f;rr(l)}jej is a partition of unity subordinate to {Cr}res. Hence
permutation invariance follows from the independence of °T on the choice of the f; as
just proven.

The next step concerns causality (Property 8). For an arbitrary = € (R4)™\A,, we reuse
the set I C J and the neighborhood V of z introduced above. Hence x € V' C NyexcCr.
By Eq. we have °T'(x) = Ty(z) which from Remark satisfies causality by
definition.

For Property 4 (translation invariance) consider @ € R? and the action (z1,...,7,)
(r1+a,...,z, +a) on (RY)", and note that the sets C; are invariant under this action.
The same is true for the 77 since they are defined (Def. as the product of two
terms which are translation invariant under the induction hypothesis. Furthermore, the
translated functions fr, given by frq(z1,...,2,) = f(z1 +a,...,z, + a) are again a
partition of unity. Hence by the independence of °T on the choice of the f; we get

OT(ﬂsl—l—a,...,xn-l-a):Zf](xl+a,...,xn+a)T1(:p1+a,...,1xn+a)
Ieg

= Z fra(@, .. on)Ti(21, .. wp) =T (z1, ..., 20)
Ieg

which shows translation invariance.
Finally, Property 5 follows from Remark by a straightforward application of the
generalized Wick Theorem. O

5.4 Extension to the Diagonal

The remaining step is to extend °T" to the diagonal A,. This task is simplified by two
facts.

88



5 Perturbative Theory a la Epstein-Glaser

e The form of °T on R™%\A,, by Property 5 is

) ) B (2) . %’{ Tp):
T(Ly(21) ... Lolzy)) = Z <Qw,T(,c§n)(x1)...Lgn>(xn))9w>-®m(jll)!”i! (zn):

We only have to extend the numerical distribution, i.e. the vacuum expectation value
of T' as the fraction on the right-hand side is defined on all of R™% anyway.

e By translation invariance and since the translation group acts transitively, we only

have to extend Tn(yl, cesUn—1) toyr = ... = yp—1 = 0 as T(L1(x1),...,Lp(zy)) =
Tn(x1,...,zy,) and because we have translation invariance
Tn(xl — X9, Tp] — Xp) = Tp(x1,. .., 2p),

cf. discussion of Wightman distributions.

Hence the message is that we have to extend a distribution on R?\ {0} to the origin.
Again we will closely follow [BF00], while they are following Steinmann [Ste71]. Our first
step is to introduce a tool which allows us to measure the strength of a singularity at the
origin.

Definition 5.29 (Dilation of function). Define
ARy x 2(RY) — 2(RY)
A\ g) = ¢t == A"%(A "),
and for t € 9'(R%)
ta() =: t(¢").

Remark 5.30. Please convince yourself that for t € Llloc([Rd) and the corresponding

distribution ¢(¢) = [ ¢(z)¢(x)dz the operation from Definition is given by

t(9) = [ t0a)o(e) d'a, (5.16)

where in both equations ¢ is an arbitrary test function ¢ € Z(R?).

Definition 5.31. We say that t € 2'(R?) has scaling degree sd(t) = w with respect to
the origin in R? if w is the infimum over all W' € R for which

lim \“'¢ =0
lim A(f)

holds for all f € 2(R?).

Remark 5.32. Strictly speaking we have defined sd(¢) only for distributions which are
defined on all of R?. However, since the test function space Z(R?\ {0}) is invariant
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under the dilations from Def. we can easily extend the definition to elements from
2'(R%\ {0}), i.e. the distributions we want to extend to the origin.

Example 5.33. To get a better understanding of the concept just introduced, ket us
have a short look at some examples.

1. (Regular distribution). Consider ¢ € L. .(R?) which is continuous in the origin, and the

corresponding regular distribution. In other words for any test function f € 2(R?) the
quantity ¢x(f) is given by Eq. (5.16]). Continuity of ¢ at 0 implies that limy o t(Ax) =
t(0) for all z € R?. Since f is compactly supported, dominated convergence implies
that

lim £ (f) = £(0) /[R Fa)da.

AL0

Hence limy o )\”/tk(f) = 0 holds for all w’ > 0 such that the scaling degree becomes
sd(t) <0.

2. (Dirac measure). Recall that § € .%/(R?) c 2'(R?) is given by 6(f) = f(0) for any
f € .7 (R%). Hence, with the dilation f* we get according to Def. S(fN) = A7f(0).
By choosing f(0) > 0 we see that

lim XS(f) = X4 0) =0 (5.17)

holds iff w’ > d, which implies sd(d) = d.

3. (Derivative of Dirac measure). We can extend the previous example with a polynomial
P on R? of degree p. It defines the partial differential operator

PO)f(x) =) caDaf

la<p

with ¢, € C. Applying P(0) to ¢ leads to (cf. Example

P@)3(f) = Y ca(-1)Daf(0) fe .7 (RY. (5.18)

la|<p

We can choose f such that only the derivatives of order p are non-zero at x =0, i.e.

P@)5(f") = (=1)F Y ca(=1)*'Dafr(0)

loe|=p
= (=1)PAPH) N " e, D f(0) = kA~ @TD
loo|=p

with some x # 0. Hence as in Eq. |D we find sd(P(a)é) =d+p.
4. (Feynman propagator). The Feynmann propagator is (roughly speaking) the time-
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5 Perturbative Theory a la Epstein-Glaser

ordered two point function. Hence for the free scalar field we get
Ep(x1 —x2) = (Qo, T (P (1) Py (22))Q0).

It can be written as

ip-(x1—x
ep(l 2) d

Ep(x1 —x9) = (277)_d/ d“p.

p? —m? +ie
A short calculation shows that sd(Er) = d — 2 holds.

5. (Homogeneous distributions). If + € 2'(R%) is homogeneous of order « at the origin,
ie. tx = A%, then sd(t) = —a. In other words the scaling measures up to a certain
degree the homogeneity of a distribution.

6. (Infinite degree). The smooth function = — exp(l/z), x € Ry is not defined at the
origin and its scaling degree with respect to the origin is clearly infinite.

The following lemma (cf. Lemma 5.1. of [BF00|) summarizes some properties of the
scaling degree. They are needed for the theorems presented below.

Lemma 5.34. The scaling degree obeys the following properties.

(a) Let t € 2'(R%) have sd(t) = w at 0, then
1. Let « € N™ be any multiindez, then sd(0%t) < w + |a].
2. Let a € N™ be any multiindex, then sd(x®t) < w — |a].
3. Let f € C®(R?), then sd(ft) < sd(t).

(b) Fort; € 2'(R%), i = 1,2 we have
1. sd(t1 ® ta) = sd(t1) + sd(t2),
2. and if dy = dy = d we have sd(t1 + t2) < max(sd(tl), sd(tg)).

Proof. All statements are straightforward, except the third case in (a). Here, we refer the
reader to the proof of Lemma 5.1. in [BF00]. O

Remark 5.35. Now we want to extend distributions using the scaling degree. There are
three possible cases. When the scaling degree is +o00, then no extension to a distribution
on R exists. When the scaling degree w is finite, but w > d then a finite-dimensional set
of extensions exists. If w < d holds, there is a unique extension. We first study this case.

Remark 5.36. There are two technical details about distributions which are important
in the proof of the next theorem. Since we do not use them otherwise, we add this remark
here rather in Sect. [[1]

1. The support of § contains just the origin and this does not change if we look at
P(0)0 with a differential operator as in Eq. (5.18)). The more non-trivial fact is that
these are the only distributions 7' € 2(R?) with supp(7) = {0}; cf. Thm V.11 of
[RS80).

91



5 Perturbative Theory a la Epstein-Glaser

2. The space 2'(R?) is equipped with the weak-*-topology. Hence a sequence T}, €
2'(RY), n € N converges to a distribution T € 2'(RY) iff lim,, oo Tn(f) = T(f)
holds for all f € 2(R?). If on the other hand we only know that all sequences Tj,(f),
n € N with arbitrary test functions f are Cauchy sequences we can define a linear
functional T' by T'(f) = lim,, T,,(f). This T is not just linear but even continuous,
i.e. T € 2'(RY). This fact is called sequential completeness of 2'(R?). To prove it
requires knowledge from the topology of Z(R%). A possible strategy is to use Prop.
together with the uniform boundedness principle; ¢f. Thm 1.45 of [HS09].

Theorem 5.37 (Thm. 5.2 of [BF00|). Let to € 2'(RN\{0}) have scaling degree w < d
with respect to the origin. There ewists unique t € 2'(R?) with scaling degree w such that

t(¢) = to(¢) for all g € Z(RN\{0}).

Proof. Uniqueness: Assume there is a second ¢ with (¢ — g)’[Rd\{O} = 0. This implies
supp(t — ) = {0} so by Rem. t —t is given by P(9)6 with is a polynomial P of
degree p and the delta distribution ¢. By the discussion in Ex. this distribution has
scaling degree d + p (cf. also Lem. . Hence if P # 0 we get sd(t —t) = d+p > d.
Since by assumption ¢ and £ have a scaling degree smaller than d this contradicts the last
statement in Lem. [5.34l Hence P =0 and ¢ = 1.

Existence: Let us now consider a smooth function 6 of compact support such that
6 =1 in a neighbourhood of the origin. Set )(z) := 0(A\x), A € R and

t(n) = (1 — 92n>t0 n €N

where now ¢(™ is a sequence of distributions defined on the whole R%. We wish to show
that the sequence converges in the weak-*-topology of 2'(R%). According to Rem. m
it is suffcient to show that for all f € 2(R") the numbers t((f), n € N form a Cauchy
sequence. Hence we look at

(tHD — ) (f) = (ft0) (Oan — Oansr) = 27" (ft0)5-n (0 — 02).

Here we have used two facts. Firstly the product of a distribution 7" with a function ¥
is given by (9T')(f) = T'(9f); cf. Ex. If ¥ is a valid test function we can reverse the
roles of f and ¥ to get (VT)(f) = (fT)(¥). Secondly we have used the definition of the

scaled distribution T} in Def. to extract a factor (2_”)d. Rewriting this equation
with ' € R we get

(t(n+1) . t(n))(f) _ 2—n(d—w’) (2—nw’<ft0)27n (0 — 92)).

According to Lemma [5.34] (a.3) we have sd(fty) < w. Hence if w’ > w the definition
of the scaling degree implies that the sequence ’2‘"“’ (to)g—n(0 — 92)‘ converges to zero
and is in particular bounded by a constant C. If we choose w’ smaller than d (which is
possible due to w < d by assumption), we get the bound

‘t(n—i-l) _ t(n) (f)‘ < C2—n(d_w')
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n(

with an absolutely summable sequence 274"} This implies that for any e > 0 we can

find an N, € N such that

]t(n)(f)_t(m)(f)} < ‘t(n)(f)_t(nﬂ)(f)H,,.Ht(m—n(f)_t(m)(f)‘ < Z o-i(d-w') _ ¢

J>Ne

holds for n,m > N, and m > n. Hence t((f) is for all f € 2(R%) a Cauchy sequence,
such that the limits lim, oot (f) =: t(f) exists and define a distribution t € 2’(R%)
which is defined on all of R?.

To see that t(f) = to(f) for all f € 2(R?\ {0}) holds, note that there is an open
neighborhood V' C R? of the origin with supp f NV = (). Since 6 is compactly supported
there is an N € N with supp(ng) C V for all n > N. Hence (1 — 0an)f = f for all such
n and we get t(f) = lim,, 00 " (f) = to(f) by the definition of ().

This finishes the construction of the extension ¢ of tg. It remains to proof that the
scaling degree of ¢ is w. For this we refer to [BF00. O

Remark 5.38. We now deal with the extension procedure in case a distribution has
a finite scaling degree w > d. This extension procedure corresponds to renormalization
in other schemes. To adhere more to the standard notation we introduce the degree of
singularity p := w — d. This is the analog of the degree of divergence of a Feynman
diagram.

Remark 5.39. Let @,,([Rd) be the set of all smooth functions of compact support which
vanish of order p at the origin. The space of distributions T satisfying T'(f) = 0 for
all f € 2,(R?) - i.e. the orthocomplement of Z,(R?) in 2'(R?) — is spanned by deriva-
tives of the delta distributions (please check yourself). Hence a family of test functions
1, € 2(R?Y) with D%y = mdg for all multiindices «, 3 satisfying [al, |3| < p spans an
algebraic complement of Z,(R?) in 2(R?). This complement is finite-dimensional, since
the orthocomplement is finite-dimensional, too. Hence we get a projection W from 2(R%)
onto Z,(R%), by

Wf=Ff-Y_ wa0"f(0).

la|<p

Now the idea is to extend ¢y to a functional on Qp(ﬂ?d) with p sufficiently large and then
to use a projection W. This procedure is implemented in the next theorem.

Theorem 5.40 (Thm. 5.3 of [BF00]). Let to € 2'(R\{0}) have a finite scaling degree
w > d. Then there exist extensions t € P'(R%) of to with the same scaling degree. They
are uniquely determined by their values on the test functions Wy chosen in the previous
remark.

Proof. Since the tv, span an algebraic complement of Z,(R%), any f € Z(R%) can be
uniquely decomposed as f = f1 + fo where f1 = ngp 0,0%f(0) and fo € .@p([Rd) has
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the form

R@)= Y agal)

lor|=p+1

where g, € 2(R%). This can be checked with the Taylor expansion of fo around 0 (it
does not converge since f is compactly supported, hence we have to use a remainder
term). By assumption all terms up to order p vanish and therefore we can extract the
monomials % with o = p + 1 leaving smooth quotients g,. Hence a general element T'
of 2'(R%) can be written as

(= 3 () (ga) +H(f1),

lo|=p+1

where the last term is uniquely determined by the values t(tv,) = ¢,. Hence we get

tf)= > (2°0)(ga) + Y cadf(0). (5.19)

|a|=p+1 la|<p

Please check that we really get t(10,) = ¢, with the decomposition of f and the expression
in Eq. . To proceed, note that all f € 2(R?) with supp f € R?\ {0} vanish on a
neighborhood of the origin. Hence f € @p([Rd) for all p. This implies f = f5 for such f
and the corresponding g, still have support in R? \ {0}. Hence, if ¢ is an extension of tg

it has to satisfy
= > (@) (ga)= D, (2t0)(ga)-

lor|=p+1 lor|=p+1

Now note that by Lemma [5.34] %t has scaling degree smaller than or equal to sd(to) —
p — 1. We can choose p such that this quantity is strictly smaller than d and then all the
distributions %ty have a unique extensions f, to Z(R?); cf. Thm. m This reasoning
shows that all distributions of the form

t(f) = Z Ea(go) + Z Caaaf(o)a

lor|=p+1 lor|<p

with #, just defined and arbitrary c, € C are extensions of ¢y and that any extension
has to be of this form. Each of those t is uniquely determined by the ¢, which we have
already seen to be equal to t(1v,). This proves the existence and uniqueness statement.
For the remaining part of the proof, i.e. to show that sd(¢) = sd(¢o) holds, we refer again
to [BF00). O

Remark 5.41. Let us come back to the results of the previous section. There we have
constructed the time ordered products T'(L1(x1) ... Ly(x,)) as operator valued distribu-
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tions on the set (R?)”\ A,,. They can be expanded as

, P Jn .
T(Ly(21) .. Lo(an) = Y (Qu T(L9) (21) ... Egn>(xn))9w>.<1>m(ﬂ;11)‘ . ;1?7 (zn):
(5.20)
where the Wick monomials: ®7} (z1) ... ®/ (z,,) :are well defined operator valued distribu-
tions on all of (R?)™. Only the numerical diustributions ({2, T(Egjl)(xl) . Eg")(xn))9w>
need further treatment. But we know that they are translation invariant such that we
can introduce distributions #'"’" € 2'((R?)"~! \ {0}) satisfying

(o, T(LY (1) .. L9 (2)) %) = 817 (@1 — @, . Tnet — Tn). (5.21)

In other words we are factoring out the orbits of the translation group. Therefore the
diagonal A,, reduces to the origin and the )"/ are defined on (R%)"~1\ {0}. Now we
can apply the extension procedure just studied to get distributions t/1-J» defined on all
of (RY)"~! —including the origin, and via Egs. and we can extend the time
ordered products T'(Li(x1) ... Ly(zy)) to the diagonal A,,.

This finishes our construction and we end up with the perturbative construction of the

S-matrix as (cf. Eq. (5.7)) in Sect.

n!

S(g) =1+ Z (=" /[Rd . “/[Rd g1) - g TE P (y) @ (y) Y dyny -y
n=1

This is now a formal power series in the coupling g with coefficients T{ ®,,(y1)*:...:

@, (yn)* } which are well defined operator valued distributions on (R?)". Hence, for a
given g and state vectors ¢, ¢ € H in the Hilbert space H = Fy (LQ(Hm)) of the free
field we can calculate the scattering amplitude (¢, S(g)v) perturbatively term by term.
In general the series we get that way does not converge, but we still can get reliable
predictions by stopping the expansion after finitely many orders (cf. the discussion in
Sects. and . Since ¢, ¢ are states of the free field we automatically have an
interpretation in terms of particles (cf. the corresponding discussion in Sect. .

At that point an additional problem arises. The extension of Thm. is not unique
but depends on the parameters ¢, = t(tv,) from Eq. we have to choose. This intro-
duces more free parameters into our model. To many parameters are bad, since if we have
too much of them we can fit basically everything (like the famous “elephant”). Therefore
theories are divided into two categories depending on the number of free parameters
renormalization introduces. If it remains finite the theory is called renormalizable, oth-
erwise non-reonormalizable. A detailed analysis of the scaling degree leads to conditions
for renormalizability cf. [EG73]. The ®* model we have looked at is renomalizable in four
dimensions.

The next step would be to present some calculations, however, we skip this part (at
least in the present version of this document) and refer the reader to the thesis of Pinter
[Pin00)].
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