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Undecidability of the spectral gap

Toby S. Cubitth?, David Perez-Garcia®>* & Michael M. Wolf°

The spectral gap—the energy difference between the ground state and first excited state of a system—is central to quantum
many-body physics. Many challenging open problems, such as the Haldane conjecture, the question of the existence
of gapped topological spin liquid phases, and the Yang-Mills gap conjecture, concern spectral gaps. These and other
problems are particular cases of the general spectral gap problem: given the Hamiltonian of a quantum many-body
system, is it gapped or gapless? Here we prove that this is an undecidable problem. Specifically, we construct families
of quantum spin systems on a two-dimensional lattice with translationally invariant, nearest-neighbour interactions,
for which the spectral gap problem is undecidable. This result extends to undecidability of other low-energy properties,
such as the existence of algebraically decaying ground-state correlations. The proof combines Hamiltonian complexity
techniques with aperiodic tilings, to construct a Hamiltonian whose ground state encodes the evolution of a quantum
phase-estimation algorithm followed by a universal Turing machine. The spectral gap depends on the outcome of the
corresponding ‘halting problem’. Our result implies that there exists no algorithm to determine whether an arbitrary
model is gapped or gapless, and that there exist models for which the presence or absence of a spectral gap is independent

of the axioms of mathematics.

The spectral gap is one of the most important physical properties
of a quantum many-body system, determining much of its low-
energy physics. Gapped systems exhibit non-critical behaviour (for
example, massive excitations and short-range correlations), whereas
phase transitions occur when the spectral gap vanishes and the sys-
tem exhibits critical behaviour (for example, massless excitations and
long-range correlations). Many seminal results in condensed matter
theory prove that specific systems are gapped or gapless, for exam-
ple, that the Heisenberg chain is gapless for half-integer spin’ (later
extended to higher dimensions?), or that the 1D AKLT (Affleck-
Kennedy-Lieb-Tasaki) model is gapped®. Similarly, many famous
and long-standing open problems in theoretical physics concern the
presence or absence of a spectral gap. A paradigmatic example is
the antiferromagnetic Heisenberg model in 1D with integer spins.
The ‘Haldane conjecture’ that this model is gapped, first formulated
in 1983 has yet to be rigorously proven despite strong supporting
numerical evidence®. The same question in the case of 2D non-bipartite
lattices such as the kagome lattice was posed in 1973%. Numerical
evidence strongly indicates that these systems may be topological
spin liquids. This problem has attracted substantial attention® because
materials such as herbertsmithite’ have emerged whose interactions
are well-approximated by the Heisenberg coupling. The presence of a
spectral gap in these models remains one of the main unsolved ques-
tions concerning the long-sought topological spin liquid phase. In
the related setting of quantum field theory, one of the most notorious
open problems again concerns a spectral gap—the Yang-Mills mass
gap problem!?. Proving the existence of a gap in Yang-Mills theory
could provide a full explanation of the phenomenon of quark con-
finement. Although there is strong supporting evidence of such a gap
from numerical lattice quantum chromodynamics computations'?,
the problem remains open.

All of these problems are specific instances of the general spectral
gap problem: given a quantum many-body Hamiltonian, is the system
it describes gapped or gapless? Our main result is to prove that the
spectral gap problem is undecidable in general. This involves more than
merely showing that the problem is computationally or mathematically

hard. Although one may be able to solve the spectral gap problem in
specific cases, our result implies that it is, in general, logically impossi-
ble to determine whether a system is gapped or gapless. This statement
has two meanings, and we prove both.

(1) The spectral gap problem is algorithmically undecidable: there
cannot exist any algorithm that, given a description of the local inter-
actions, determines whether the resultant model is gapped or gapless.
This is the same sense in which the halting problem is undecidable'?.

(2) The spectral gap problem is axiomatically independent: given
any consistent recursive axiomatization of mathematics, there exist
particular quantum many-body Hamiltonians for which the presence
or absence of the spectral gap is not determined by these axioms. This
is the form of undecidability encountered in Godel’s incompleteness
theorem'.

Precise statement of results
It is important to be precise in what we mean by the spectral gap prob-
lem. To this end, we must first specify the systems we are considering.
Because we are proving undecidability, the simpler the system, the
stronger the result. We restrict ourselves to nearest-neighbour, trans-
lationally invariant spin lattice models on a 2D square lattice of size
L x L (which we later take to 00), with local Hilbert space dimension
d. Any such Hamiltonian H is completely specified by at most three
finite-dimensional Hermitian matrices describing the local interactions
of the system: two d* x d? matrices hyoy and o that specify the inter-
actions along the rows and columns of the lattice, and a d x d matrix h;
that specifies any on-site interaction. All matrix elements will be
algebraic numbers, and we normalize the interaction strength such that
max{[ o sl 1]} = 1

We must also be precise in what we mean by ‘gapped’ and ‘gapless’
(see Fig. 1). Because quantum phase transitions occur in the ther-
modynamic limit of arbitrarily large system size, we are interested in
the spectral gap A(Hp) = Aj(Hy) — Ao(Hy) as the system size L — 0o
(where \g and )\ are the eigenvalues of H; with the smallest and
second-smallest magnitude). We take ‘gapped’ to mean that the system has
a unique ground state and a constant lower bound on the spectral gap:
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Figure 1 | Gapped and gapless systems. a, A gapped system has a unique
ground state \o(H) and a constant lower-bound + on the spectral gap
A(H) = A\ — )¢ in the thermodynamic limit. b, A gapless system has
continuous spectrum \;(H) above the ground state in the thermodynamic
limit.

A(Hp) >~y >0 for all sufficiently large L. We take ‘gapless’ to mean
the system has continuous spectrum above the ground state in the
thermodynamic limit.

Here gapped is not the negation of gapless; there are systems that
fall into neither category. We adopt such strong definitions to delib-
erately exclude ambiguous cases, such as systems with degenerate
ground states. A Hamiltonian that is gapped or gapless according to
the above definitions is recognized as such throughout the literature.
We show that the spectral gap problem is undecidable even given that
the Hamiltonian either has a unique ground state and a spectral gap of
magnitude one, or has continuous spectrum above the ground state.

We prove this by showing that the halting problem for Turing
machines can be encoded in the spectral gap problem, implying that
the latter is at least as hard as the former. A Turing machine is a simple,
abstract model of computation in which a head reads and writes sym-
bols from some finite alphabet on an infinite tape and moves left or
right, following a finite set of rules. The halting problem asks: given an
initial input written on the tape, does the Turing machine halt? Turing
proved that this problem is undecidable'?; we relate it to the spectral
gap problem in the following way.

Theorem 1
We can explicitly construct a dimension d, d* x d* matrices A, B, Cand
D, and a rational number 3> 0, which can be chosen to be as small as
desired, such that

(i) A is Hermitian, with matrix elements in Z + 37 + %Z;

(ii) B and C have integer matrix elements; and

(iii) D is Hermitian, with matrix elements in {0, 1, 3}.

For each positive integer #, define the local interactions of a transla-
tionally invariant, nearest-neighbour Hamiltonian H(r) on a 2D square
lattice as

hi(n)=a(n)l
hrow =D
he= A+ B(e 0B | ¢ meWpT 4 im0 Gy im0y

where (n) = n/2/"I-1 is the rational number whose binary fraction
expansion contains the binary digits of n after the decimal point, |p(n)]
denotes the number of digits in this expansion, a(n) < Jis an algebraic
number that is computable from #, II is a projector and the daggers
denote Hermitian conjugation. Then

(i) the local interaction strength is <1 (that is, ||hy(n)||, ||Arow ]|,
e ()] <

(ii) if the universal Turing machine halts on input #, the Hamiltonian
H(n) is gapped with v > 1; and
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(iii) if the universal Turing machine does not halt on input n, the
Hamiltonian H(n) is gapless (that is, has continuous spectrum).

Theorem 1 implies that the spectral gap problem is algorithmically
undecidable because the halting problem is. By a standard argument'*
algorithmic undecidability also implies axiomatic independence. Both
forms of undecidability extend to other low-temperature properties
of quantum systems, such as critical correlations in the ground state.
In fact, our method allows us to prove undecidability of any physical
property that distinguishes a Hamiltonian from a gapped system with
unique, product ground state.

Hamiltonian construction

We first relate undecidability of the spectral gap to undecidability of

another important physical quantity, the ground state energy density,

which, for a 2D lattice, is given by E, = lim [\¢(H;)/L?]. We then
L—oo

transform the halting problem into a question about ground state
energy densities.

Reducing the ground state energy density problem to the spectral
gap problem requires two ingredients.

(1) It requires a translationally invariant Hamiltonian H,(¢) ona 2D
square lattice with local interactions h,(¢), whose ground state energy
density is either strictly positive or tends to zero from below in the
thermodynamic limit, depending on the value of an external parame-
ter ¢; however, determining which case holds should be undecidable.
Constructing such a Hamiltonian constitutes the main technical work
of our result. (These properties of H,(¢) are unaffected if we multiply
hy(¢) by an arbitrary fixed rational number 3, no matter how small.)

(2) It requires a gapless Hamiltonian Hy with translationally invariant
local interactions hq and a ground state energy of zero. (Recall that by
‘gapless’ we mean continuous spectrum above the ground state, not
merely a vanishing spectral gap.) There are many well-known examples
of such Hamiltonians, for example, that associated with the critical
XY model.

Given Hamiltonians with these properties, we construct a new trans-
lationally invariant Hamiltonian, with local interactions /(¢), that is
gapped or gapless depending on the value of . The local Hilbert space
of h() is the tensor product of those of h, and hq4 together with one
additional energy level: H = |0) & H, ® H 4. We take the interaction
h')) between nearest-neighbour sites i and j to be

() = [0){0[1) © (1 [0)(0)) + h: (i) @ 13

160 @ pli) v
+10) @ hl
The spectrum of the new Hamiltonian H is

specH = {0} U {specH,(y) + specHaq} U S (2)

with §> 1 (see Supplementary Information for details). Recalling that
we chose Hg to be gapless, we see immediately from equation (2) that if
the ground state energy density of H, tends to zero from below (so that
Mo(H,) <0), then H(yp) is gapless; if H, has a strictly positive ground
state energy density (so that A¢(H,) diverges to +00), then it has a
spectral gap >1, as required (see Fig. 2).

This construction is rather general: by choosing different hq, we
obtain undecidability of any physical property that distinguishes a
Hamiltonian from a gapped system with a unique product ground state.

Encoding computation in ground states

To construct the Hamiltonian H,(y), we encode the halting problem
into the local interactions k() of the Hamiltonian. The halting prob-
lem concerns the dynamics of a classical system—a Turing machine.
To relate it to the ground state energy density—a static property of a
quantum system—we construct a Hamiltonian whose ground state
encodes the entire history of the computation carried out by the Turing
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Figure 2 | Relating ground state energy density to spectral gap. a-c, To
relate ground state energy density and spectral gap, we need a Hamiltonian
H,(p) whose ground state energy density is either strictly positive or tends
to zero from below in the thermodynamic limit, but determining which is
undecidable (a), and a gapless Hamiltonian Hy with a ground state energy
of zero (b). We combine H, () and Hy to form a new local interaction,
h(¢), in such a way that H(y) has an additional non-degenerate zero-
energy eigenstate |0) (c), and that the continuous spectrum of Hy is shifted
immediately above the ground state energy of H,. d, If the ground state
energy density of Hy(¢) tends to zero from below, then its ground state
energy in the thermodynamic limit must be <0, and H(y) is gapless.

e, Alternatively, if the ground state energy density of H,(¢) is strictly
positive, then its ground state energy in the thermodynamic limit must
diverge to 400, and H(yp) is gapped with gap A(H) > 1.

machine in superposition!®: if the state of the computation at time ¢ is
represented by the state vector |¢/;), and the computation runs until time
T, then the ground state is the so-called ‘computational history state’
% > 1o|t)|¢,). In the following, when we refer to the Turing machines

encoded in the Hamiltonian ‘running’ on some input, we mean that the
evolution produced by running the Turing machine on that input
appears in the ground state as the corresponding computational history
state.

If there are no other constraints, writing down a Hamiltonian whose
ground state is the computational history state is straightforward.
However, constructing such a Hamiltonian out of the local interactions
of a many-body system is more involved. The construction method of
ref. 15 was later substantially developed'® and, after a long sequence
of results'’ "%, culminated in the construction for 1D spin chains with
translationally invariant, nearest-neighbour interactions presented
in ref. 20.

For any quantum Turing machine®! (QTM), an interaction h between
neighbouring particles may be constructed®® such that the ground state

of the 1D translationally invariant Hamiltonian Hgy = S, ;i1 is of
the form % Zthl\ t)|1;), where the ‘clock’ part of the computational

history state|t) ~|1)®*|0)*N~!counts time in unary, and |1,) represents
the state of the QT'M after ¢ time-steps. Moreover, the ground state
energy may be taken equal to zero.

The translationally invariant Hamiltonians we are considering are
completely specified by the finite number of matrix elements in the
local interactions hyoyw, Ficol and hy. To encode the halting problem in
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the Hamiltonian, we use quantum phase estimation? to encode any of
the countably infinite possible inputs to the universal Turing machine
(UTM) into these matrix elements.

Quantum phase estimation
Given a unitary matrix U, the quantum phase estimation algorithm
estimates an eigenvalue e*™% of U to a given number of bits of preci-
sion (which must be chosen in advance). It is well-known?? that if the
number of bits of precision in the quantum phase estimation algorithm
is greater than or equal to the number of digits in the binary fraction
expansion of , then the quantum phase estimation algorithm, rather
than estimating the phase approximately, will output all the digits of ¢
(written as a binary fraction) exactly.

We use this property to construct a family of QTMs P, indexed by
n € N, with the following properties: (i) the number of internal states
and tape symbols of P, are independent of #; and (ii) given a number
N=2*—1>n, with x €N, as input (written in binary), P, writes the
binary expansion of # on its tape and then halts deterministically. (The
reason for having the input N of this form will become clear later.) To
construct P,,, we construct a QTM that uses the input N to determine
how many digits of precision to use, then runs the quantum phase

estimation algorithm on the single-qubit gate U = [ L0

0 ez“"‘f’]‘ The phase

@ in Uis determined by the transition rules of the QTM?!. Choosing
 to be the rational number whose binary fraction expansion contains
the digits of n (expressed in binary) achieves the desired behaviour
for P,,. By ‘dovetailing’ P, with a UTM (that is, running P, first, then
running the UTM), the UTM runs on the input specified by (.

The quantum computation carried out by P, followed by the UTM
is encoded in the Hamiltonian using the history state construction
described above. The phase e?™* being estimated then becomes one of
the matrix elements of the Hamiltonian. The same happens with the
™" term that appears in the inverse quantum Fourier transform—
the key ingredient of the quantum phase estimation algorithm.

Finally, we must ensure that the|,) component of the history state
is correctly initialized to input of the form N=2*— 1 (written in binary)
required by P,. But N=2*— 1 in binary is simply a string of N ‘1’s, and
it is easy to ensure that 1)) is the state|1)®N using translationally invar-
iant local interactions.

If we add an on-site interaction ;= |T)(T| to the history-state
Hamiltonian constructed above, which gives additional energy to the
halting state | T), then its ground state will pick up additional energy if
and only if the UTM halts. However, the ground state energy still con-
verges to zero as L — oo in both cases (see Supplementary Information).
The energy density therefore tends to zero in the thermodynamic limit,
whether or not the UTM halts.

To remedy this, and amplify the difference between the halting and
non-halting cases, we use the second spatial dimension and exploit
Wang tilings.

Quasi-periodic tilings
A Wang tile?® is a square with markings along each edge. A tiling is then
an arrangement of such tiles covering the whole plane, so that the mark-
ings on adjacent edges match. A tiling can easily be encoded in
a ground state of a classical Hamiltonian on a 2D square lattice: by
representing tile types by an orthogonal basis {| T')} for the local Hilbert
space H., and choosing local interaction terms | T;)(Ti| ® | Tj)(Tj| to
give an energy penalty to all adjacent non-matching pairs of tiles T}, Tj,
a tiling of the plane is equivalent to a ground state with zero energy.
We prove, and subsequently exploit, very particular properties of the
aperiodic Robinson tiling*%, and combine them with the history-state
Hamiltonian. Although the pattern of tiles in the Robinson tiling
extends infinitely in all directions, it never repeats. More precisely, it
contains periodically repeating subpatterns that form squares with sizes
given by 4* for all k € N (see Fig. 3). This periodicity allows us to encode
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Figure 3 | Complete Hamiltonian construction. a-c, The Robinson tiles
enforce a recursive pattern of interlocking squares, the sizes of which are
given by 4% for all k € N (b). As with any Wang tiling, we can readily
represent this tiling as a classical Hamiltonian whose ground state has the
same quasi-periodic structure. Because the set of tiles is fixed, the local
dimension of this Hamiltonian is constant. By adding a ‘quantum layer’
on top of the Robinson-tiling Hamiltonian and choosing a suitable
translationally invariant coupling between the layers, we effectively place
copies of the QTM encoded in a 1D history-state Hamiltonian (a) along
one edge of all of the squares. The ground state of this Hamiltonian
consists of the Robinson tiling configuration in the tiling layer, with
computational history states in the quantum layer along one edge of each
square in the tiling (c). Each of these encodes the evolution of the same
quantum phase estimation algorithm and UTM. The effective tape length
available for each QTM is determined by the size of the square it ‘runs’ on.

in the ground state many copies of the UTM running on the same input
o, with tapes of all possible finite lengths and for every possible finite
run time (see Fig. 3).

This encoding is achieved by sandwiching the 1D quantum history-
state Hamiltonian 4 ‘on top of” the Robinson-tiling Hamiltonian ki, to
form two ‘layers’, so that the local Hilbert space at each site is
H=H.® (H.®Hq) (Where H.= |0) is an additional energy level).
One can then construct a Hamiltonian (see Supplementary
Information) whose ground state is of the form | T). ® [t))eq, where|T').
is a product state representing a classical configuration of the tiling layer
and|1)).q contains—in a tensor product structure—computational his-
tory states along one edge (a ‘segment’) of all of the squares appearing
in the configuration given by T. These computational history states are
essentially the only constituents of |¢)).q that contribute to the energy.
The Hamiltonian also has an on-site interaction h; = | T)(T| that gives
an additional energy to the halting state of the Turing machine|T).
Hence the ground state will pick up additional energy from all encoded
Turing machines that halt. This energy still decreases as the relevant
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system size increases, which, however, is now the size of the corre-
sponding segment in the Robinson tiling (see Fig. 3), not the overall
system size.

We now consider the ground state energy. If the UTM does not halt
on input #, then|T), is a valid tiling and for all segments that are larger
than ||, the ground state energy contribution is zero. The contribution
for each segment smaller than || is some algebraic computable number.
If a(n) is the sum of the contributions of all segments smaller than |/,
then the addition of the constant energy shift hj = —a(n)l to the
Hamiltonian makes the ground state energy density negative (but tend-
ing to zero from below as L — 00) in the non-halting case (see
Supplementary Information).

In the halting case, one of two things may happen. If | T). is a valid
tiling, then the number of squares large enough for the encoded Turing
machine to halt grows quadratically with system size, and each square
contributes a small but non-zero energy. Because such a state also picks
up the energy contribution from segments of size smaller than | n|, the
energy diverges with lattice size even after adding h; = — av(n)1. Hence
the ground state energy density is strictly positive in the halting case,
as desired.

Alternatively, one could try to reduce the energy by introducing
defects in the tiling, which effectively ‘break’ some of the Turing
machines so that they do not halt. However, we prove that the Robinson
tiling is robust to such defects: a tile mismatch only affects the pattern
of squares in a finite region around the defect, and each defect contrib-
utes O(1) energy. We can choose the parameters (see Supplementary
Information) to guarantee that introducing defects is energetically
unfavourable. This completes the argument establishing our main
result, Theorem 1.

Additional technical details can be found in the Supplementary
Information.

Discussion

We now discuss both the implications and the limitations of these
results. This result is relevant to mathematical models of quantum
many-body systems, as well as the behaviour of, and methods for
treating, the thermodynamic limit. Moreover, it can also be seen as an
indication of new physical phenomena.

An immediate consequence of the undecidability of the spectral
gap is that there cannot exist an algorithm or a computable criterion
that solves the spectral gap problem in general. Although algorithmic
undecidability always concerns infinite families of systems, the axio-
matic interpretation of the result also allows us to apply it to individual
systems: there are particular Hamiltonians within these families for
which one can neither prove nor disprove the presence of a gap, or of
any other undecidable property. Unfortunately, our methods cannot
pinpoint these particular cases, let alone prove that one of the afore-
mentioned long-standing open problems is axiomatically undecidable.

A further consequence concerns the behaviour of the thermody-
namic limit. In practice, we usually probe the idealized infinite ther-
modynamic limit by studying how the system behaves as we consider
finite systems of increasing size. One often assumes that the systems,
although finite, are so large that the asymptotic behaviour is already
observed. In numerical simulations of condensed matter systems, one
typically simulates finite systems of increasing size and extrapolates the
asymptotic behaviour from the finite-size scaling®. Similarly, lattice
quantum chromodynamics calculations simulate finite lattice spacings,
and extrapolate the results to the continuum'!. Renormalization group
techniques accomplish something similar mathematically?®; however,
the undecidable quantum many-body models constructed in this work
exhibit behaviour that defeats such approaches, in the following way.
As the system size increases, the Hamiltonian will initially look like a
gapless system, with the low-energy spectrum appearing to converge
to a continuum. But at some threshold lattice size, a spectral gap of
magnitude one will suddenly appear (or, vice versa, a gap will suddenly
close?). Not only can the lattice size at which the system switches from

© 2015 Macmillan Publishers Limited. All rights reserved



gapless to gapped be arbitrarily large, the threshold at which this transi-
tion occurs is uncomputable. The analogous implication also holds for
all other undecidable low-temperature properties. Thus, any method of
extrapolating the asymptotic behaviour from finite system sizes must
fail in general.

This conclusion leads us directly to new physical phenomena. First,
it hints at a new type of ‘phase transition, which is not driven by tem-
perature or extrinsic local parameters, but by the size of the system.
Some of the models constructed in the proof of Theorem 1 exhibit a
drastic and abrupt change of properties when their size is increased
beyond a certain scale. The scale at which this happens can be very
large, and is not generally computable from the local description of
the system. Second, our results show that certain quantum many-body
models exhibit a radical form of instability. An arbitrarily small change
in the parameters can cause the system to cross an arbitrary number of
gapped/gapless transitions. In a sense, this phenomenon is the source
of the undecidability in our models.

We finish with a closer look at some of the limitations of our results.
First, all our results concern 2D (or higher-dimensional) systems.
Although the majority of our construction is already 1D, we do not
currently know whether the entire result holds in 1D as well. Second,
although a theoretical model of a quantum many-body system is
always an idealisation of the real physics, the models we construct in
the proof of Theorem 1 are highly artificial. Whether the results can
be extended to more natural models is yet to be determined. A related
point is that we prove undecidabiltiy of the spectral gap (and other
low-temperature properties) for Hamiltonians with a very particular
form. We do not know how stable the results are to small deviations
from this. This is a general issue with most many-body models; stabil-
ity in this sense is not understood even for much simpler models such
as the Ising model. Recent stability proofs only apply to certain types
of frustration-free Hamiltonians*>*°. Our results restrict the extent to
which such stability results can be generalized. Similarly, we do not
know whether the results hold for systems with low-dimensional local
Hilbert spaces. Although the dimension d in Theorem 1 is fixed and
finite, providing an estimate for it would be cumbersome and certainly
involve large exponentials. However, the steps in the proof described
above are not tailored to minimizing this dimension. Whether there is
anon-trivial bound on the dimension of the local Hilbert space below
which the spectral gap problem becomes decidable is an intriguing
open question.
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The most important step in proving undecidability of the spectral gap is to
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gap. (More precisely, we give a reduction from the ground state energy density
problem to the spectral gap problem.) This this is explained in the main text;
technical proofs can be found in .

In fact, undecidability of the ground state energy density is stronger than we
really need to prove undecidability of the spectral gap. It is sufficient to prove
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promise that the ground state energy is either < a or > b for some constant b — a.
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Undecidability of the ground state energy density implies that this holds even with
a promise gap diverging to infinity.

We start by fixing some notation, most of which was already introduced in the
main text. Let A(L) := {1,..., L}? be the set of sites (or vertices) of a square lattice
of size L € N, which we assume to be at least 2. By & ¢ A(L) X A(L) we denote
the set of edges of the square lattice, directed such that (i, j) € & implies that j
lies north or east of i. We assign a Hilbert space H” ~ C? to each site i € A(L)
and the tensor product X)._; H® to any subset S C A(L). To every neighbouring
pair (i, j) € &, we assign a Hermitian operator 2 € B(H? ® H) describing the
interaction between the sites. In addition, we may assign an on-site Hamiltonian
given by a Hermitian matrix /" € B(H®) to every site k € A(L).

Throughout, we consider Hamiltonians that are built up from such nearest-
neighbour and on-site terms in a translationally invariant way. That is, when
identifying Hilbert spaces, 1" = h{" for all k,1 € A(L) and h"") = 17 if there is
av € Z?sothat (i, ) = (i + v, j + v). The total Hamiltonian

HYD = Y R4 Y (1)

(i,)e& keA(L)

can thus be specified by three Hermitian matrices: a d X d matrix h; and two d* X d*
matrices h,o, and Ao, which describe the interactions between neighbouring sites
within any row and column respectively. Hence, it may alternatively be written as

HYD =3 N e 30 ST+ 3w, 2)

Tows ¢ columns r ieA(L)

max{||fowll, |Acolll, 172111} 1s called the local interaction strength of the Hamiltonian,
which we normalise to be 1.

Let spec HMP := {1y, A, ...} denote the spectrum, i.e. the set of eigenvalues
of HM? listed in increasing order 1y < A; < .... For clarity we will sometimes
write the Hamiltonian in question as an argument of the eigenvalues. 1o(H*®) will
be called the ground state energy, and the corresponding eigenvector the ground
state. A Hamiltonian H™D frustration-free if its ground state energy is zero whilst
all hd, h(lk) are positive semi-definite. That is, a ground state of a frustration-free
Hamiltonian minimises the energy of each interaction term individually.

1 Ground state energy density

Consider the square lattice A(L) with edge length L € N but in the general case of
v € N spatial dimensions, supporting a translationally-invariant, nearest-neighbour

Hamiltonian
HAD . Z X Z ey 3)

(i,)e& keA(L)
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and let ¢ be its local interaction strength. Assume open boundary conditions. The
ground state energy density is defined as

E,:= Lli_r)rgo E,(L), where E,(L):=L"(H""). 4)

The following simple argument shows that this limit is indeed well defined.
Consider two lattices of different sizes L, L’ € N such that L = nl’ for some n € N.
Assume w.l.o.g. that the interaction terms in the Hamiltonian are all positive semi-
definite. Then H*® is, as an operator, lower bounded by the sum of n” translates
of HME) So we have that

Ao(HMD)Y > 07 Ag(HME)). (5)

On the other hand, we can use a product of n” copies of the ground state of HM)
in order to obtain an analogous upper bound on the ground state energy of H*® of
the form

Ao(HMDY < 0" 2g(HAD) + 2vn” L0 Ve, (6)

Dividing both inequalities by L” we are left with

E, (L)< E, L)< E, L")+ % (7)

Hence, an interval of order O(1/L’) contains both liminf and lim sup of E,(L) so
that both must coincide, which proves that lim; ., E,(L) is well defined.

The ground state energy density is an important physical quantity in its own
right, as well as being our main stepping stone to the spectral gap results. It is
therefore worth a brief digression to note that the above argument also shows that
the ground state energy density can be computed to any constant precision ¢ > 0
by exact diagonalisation of HA®) for any L’ > 2vc/$. This immediately implies
that the ground state energy density problem is decidable if we provide a finite
promise gap o:

Proposition 1 (Decidability of g.s. energy density with promise gap) Leto > 0
be a computable number and consider translationally-invariant, nearest-neighbour
Hamiltonians on a v—dimensional square lattice with open boundary conditions, fi-
nite local Hilbert space dimensions and algebraic matrix entries. Then determining
whether E, < 0 or E, > 0 is decidable under the promise that E, & (0, 0).

(Since the real algebraic numbers form a computably ordered field whose cardinal-
ity is countably infinite, we can think of the input Hamiltonian as being encoded in
a single natural number.)

This is in sharp contrast to the following, whose proof will be the aim of this
supplementary material.
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Theorem 2 (Undecidability of g.s. energy density) Letd € N be sufficiently large
but fixed, and consider translationally-invariant, nearest-neighbour Hamiltoni-
ans on a 2D square lattice with open boundary conditions, local Hilbert space
dimension d, algebraic matrix entries, and local interaction strength < 1. For such
Hamiltonians, determining whether E, = 0 or E, > 0 is an undecidable problem.

In the next two sections, we will discuss two approaches to proving Theorem 2
that do not work. Section 2 describes a purely classical construction based on Wang
tilings. This gives a Hamiltonian with the correct spectral properties, but it neces-
sarily requires unbounded local Hilbert space dimension d. In Section 3, we briefly
review the Feynman-Kitaev-style local Hamiltonian constructions used in recent
QMA-hardness results. By a new and careful application of the quantum phase
estimation technique (described in Section 4), and extending ideas from Gottesman
and Irani- (Section 5), this approach can give a Hamiltonian with constant local
dimension. But it necessarily fails to have the required spectral properties. Finally,
in Section 6, we discuss how combining ideas from both these approaches allows
us to achieve the required spectral properties whilst simultaneously keeping the
local dimension constant, the details being given in Section 7.

2 Wang Tilings

The first approach one might consider to proving undecidability of the ground state
energy is to note the close relationship between tilings and (classical) Hamiltonians,
recalling Berger’s classic result that the tiling problem is undecidable .

We will soon see that this approach is too weak to prove Theorem 2. Nonethe-
less, not only is it helpful to understand why this approach breaks down, the much
more involved construction required to prove our main result will also make use of
Wang tilings, albeit in a less direct way.

A unit square whose edges are coloured with colours chosen from a finite set is
called a Wang tile. A finite set 7~ of Wang tiles is said to tile the plane 7 if there
is an assignment Z> — 7~ so that abutting edges of adjacent tiles have the same
colour. The result we will use is the fact that there exists no algorithm which, given
any set of tiles as input, decides whether or not this set can tile the plane—tiling
is undecidable”. (Here, rotating or reflecting the tiles is not allowed — this would
make the problem trivial.")

A tiling problem can easily be represented as a ground state energy problem for
a classical Hamiltonian (i.e. one that is diagonal in a product basis). The mapping
is straightforward: with the identification 7~ = {1, ..., T} we assign a Hilbert space

'Tf one slightly modifies the rules of the game and requires complementary rather than matching
colours for abutting edges, then the problem remains undecidable even if rotations and reflections
are allowed.
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AW

4

Supplementary Figure 1: Valid and invalid tilings. Examples of valid and invalid
tilings (bottom) of a set of four Wang tiles (top).

HD ~ CT to each site i of a square lattice, and define the local interactions via

R = Z Im){ml; ® In)nl), ®

(m,n)eCl-)

where the set of constraints C“” C 7~ x 7 includes all pairs of tiles (1, n) which
are incompatible when placed on adjacent sites i and j. The overall Hamiltonian
on the lattice A(L) is then

HMD = Y . ©)

(i.)e&

Undecidability of the ground state energy of H, with a promise gap of 1 now
follows immediately from undecidability of tiling, and this gives undecidability of
the ground state energy density in the case of open boundary conditions. (A full
proof of this is described in'.)

However, there is a crucial and fundamental limitation to this approach: there
is no upper-bound on the local dimension of the Hamiltonian. Rather, the local
Hilbert space dimension grows with the number of tile types. And we cannot
impose any bound on the latter, or else the tiling problem is restricted to a finite
number of cases and is trivially decidable by case enumeration.

On the other hand, this does already allow us to prove a weaker form of our
main result: undecidability of the spectral gap for families of Hamiltonians with
no constraint on the local dimension.

Nonetheless, from a physical perspective e.g. of characterising the phase dia-
gram of a system, it is unreasonable to allow the local Hilbert space dimension
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to grow arbitrarily large — or indeed to change at all — as the parameters of the
Hamiltonian are varied. So we are still a long way from proving our main result.

Fundamentally, the problem is that the corresponding Hamiltonians are too
simple. For a problem to be algorithmically undecidable, it must admit a countably
infinite number of problem instances. If the local Hilbert space dimension is
fixed, a translationally-invariant Hamiltonian is completely specified by a finite
number of matrix elements defining its local interactions. The only way to encode
a countably infinite number of problem instances is to exploit the fact that the
matrix elements themselves can take a countable infinity of values (e.g. arbitrarily
precise rational numbers, or even arbitrary computable numbers). Whereas the
above tiling approach is only sensitive to the pattern of non-zero matrix elements.

To overcome this, we will need an inherently quantum approach, which is the
topic of the next section.

3 QMA constructions

There is by now a standard approach to proving complexity-theoretic hardness
results for local Hamiltonian problems. The idea, which dates back to Feynman
and was significantly developed by Kitaev’ and others™ """, is to construct a
Hamiltonian whose ground state encodes the history of a quantum computation
in superposition. If we divide the system into two parts, a “clock register” and a
“computational register”, then the desired ground state has the form:

1 T
— ) DY, (10)
VT + 1 ;

where |i,) denotes the state of the computation after ¢ steps. This superposition
over the history of a computation is often called a computational history state.

It is not difficult to construct a Hamiltonian with this as its unique ground state.
The difficult part is to implement Feynman’s idea using a local Hamiltonian. This
was first done by Kitaev’, who showed how to construct such a Hamiltonian out
of 5-body terms. Kempe, Kitaev and Regev" improved this to 2-body, Oliveira
and Terhal ' to nearest-neighbour two-qubit interactions on a 2D square lattice, and
Aharonov et al.” to nearest-neighbour two-body interactions on a line.

All of these constructions exploit the fact that the interactions can differ from
site to site, in order to encode arbitrary computations. Indeed, for translationally-
invariant, nearest-neighbour interactions on a regular lattice, the entire Hamiltonian
is specified by a finite number of two-body terms (and possibly one single-body
term), and it might appear that there are not enough parameters available to encode
arbitrary quantum computations. However, in a remarkable paper, Gottesman and
Irani~ showed how to construct a translationally-invariant Hamiltonian which has

WWW.NATURE.COM/NATURE | 6
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as its ground state a computational history state for an arbitrary computation. '

The aim of all these local Hamiltonian constructions was to prove QMA-
hardness of the finite-size ground state energy problem for the corresponding class
of Hamiltonians, by encoding the quantum computation that verifies the witness for
a QMA problem and adding a local term to the Hamiltonian that gives an additional
energy penalty to the “no” output.

An obvious approach to constructing a Hamiltonian with undecidable ground
state energy is to use one of these local Hamiltonian constructions to encode the
evolution of a universal (reversible or quantum) Turing Machine, instead of a QMA
witness verifier, and give an additional energy penalty to the halting state. If we
use the Gottesman-Irani construction -, the resulting Hamiltonian will consist of
translationally-invariant, nearest-neighbour interactions on a line. Since the Halting
Problem is undecidable, and the ground state energy depends on whether or not
the computation halts, the ground state energy of this Hamiltonian would seem
to be undecidable. As in the tiling approach, this is certainly too weak to prove
undecidability of the energy density. But one might hope that it is sufficient to
prove undecidability of the ground state energy.

However, this Feynman-Kitaev Hamiltonian approach does not even achieve
the weaker result of the tiling approach. There are now two crucial problems:

(i). The Halting Problem is undecidable for the universal Turing Machine on
arbitrary input (or for an arbitrary Turing Machine running on fixed input).
As in the tiling approach of the previous section, it is not at all clear how to
encode this countably infinite family of problems into the constant number
of matrix elements describing the nearest-neighbour interaction.

(i1). The promise gap ¢ in all known local Hamiltonian constructions, and
in particular the translationally-invariant construction of~, scales inverse-
polynomially in the system size. Thus (assuming the limits exist)

lim; . f(L) non-halting

lim; . f(L) + —— halting (11)

lim Ao(H R {
o poly(D)

= lim f(L)

for some function f. I.e. the ground state energy in the thermodynamic limit
is identical in both the halting and non-halting cases.

These issues are inherent to the spectral gap problem for many-body quantum
systems, where the question is only meaningful or interesting in the thermodynamic

'In fact, the two-body interaction in the Gottesman-Irani construction” is the same fixed
interaction for all problem instances. The input is specified by the only remaining free parameter:
the length of the chain!
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limit of Hamiltonians with regular structure (of which translational-invariance is
the simplest case). Thus they cannot be side-stepped, and overcoming them is the
main task in proving the result.

In the following section, we will see that overcoming (i), whilst challenging,
can be achieved by exploiting the ability to encode quantum computation. Indeed,
this will essentially be the only quantum part of our construction.

However, (ii) presents a more serious obstacle to the history state approach.
There is an inherent trade-off between run-time and promise gap in Kitaev-style
local Hamiltonian constructions, and the run-time is directly related to the system
size when the Hamiltonian is constrained to a lattice. But we are necessarily
working in the thermodynamic limit of arbitrarily large lattice size. We therefore
need a constant promise gap, independent of the length of the computation. This
cannot be achieved by any known local Hamiltonian construction, and may well be
impossible. Without a constant gap between the halting and non-halting cases, the
ground state energy problem becomes trivially decidable in the thermodynamic
limit. We discuss how we overcome this obstacle in Section 6.

4 Constant local dimension

To overcome the unbounded local dimension obstacle we faced in Sections 2 and 3,
we must find a way of encoding the countably infinite family of Halting Problem
instances into the finite number of matrix elements describing the local interactions
of a system with fixed local Hilbert space dimension.

If we encode the evolution of a quantum Turing Machine into the ground state
of a local Hamiltonian using a Feynman-Kitaev-style construction, as described in
the previous section, the local dimension will depend on the number of internal
states and alphabet size of the QTM. Whichever universal Turing Machine we
choose to encode, that particular TM will have a fixed state space and alphabet
size. But to encode the Halting Problem, we need a way to feed any desired input
to this encoded universal TM. It is not difficult to construct a special-purpose
classical TM which outputs any given string, starting from a fixed input. But,
exactly analogous to the Wang tiling constructions of Section 2, if there is no
upper-bound on the number of different strings that we must be able to produce,
then either the number of internal states or the alphabet size of the Turing Machine
is necessarily unbounded. This is no use to us, as it would again lead to a family of
Hamiltonians with unbounded local dimension.

The only way we can hope to generate arbitrarily long strings using constant
alphabet size and a constant number of internal states is to use a genuinely quantum
construction. The transition rules of a QTM can have arbitrarily computable
numbers as coefficient . (In fact, algebraic numbers will suffice for our purposes.)
So, whereas for given alphabet size and number of internal states there is only a
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finite number of different classical deterministic TMs, there are a countably infinite
number of different QTMs. We will show how the string we want to produce can
be encoded in the transition rule coefficients of a QTM, in such a way that the
QTM writes out this string and then halts deterministically.

At first sight, this might appear to violate the Busy Beaver bound on the run-
time of a TM 'Y, or the Holevo bound on the amount of information that can be
extracted from a finite-dimensional quantum state ', or other results that limit the
amount of information that can be extracted from a finite-size system. However, a
little more thought reveals there is no contradiction here.

Indeed, something similar is already possible for classical probabilistic Turing
Machines. It is a straightforward exercise to construct a classical probabilistic TM
with fixed alphabet and number of internal states which, given access to a coin with
bias p, outputs the binary expansion of p with high probability, in expected run-
time that is a function of the length of the binary expansion. What is perhaps more
surprising is that Quantum Turing Machines allow this to be done deterministically.

The reason this does not violate the Busy Beaver theorem is that, to simulate a
probabilistic or quantum TM on a deterministic TM, the alphabet and/or internal
state size must grow with the precision of the entries in the probabilistic or quantum
transition function. Nor is there any contradiction with the Holevo bound. We are
not encoding the string in a finite-dimensional quantum state, or even in multiple
copies of a quantum state. We are encoding the string in the unitary transition rules
of a QTM, which we get to apply as many times as we like on any quantum state we
like. Applying the transition rules to a fixed quantum state and performing quantum
state tomography would already allow us to extract the information encoded in the
transition rules to arbitrary precision. Again, perhaps the only somewhat surprising
aspect is that, by exploiting the full power of quantum computation, we can recover
the encoded string exactly, regardless of how long the string is.

The idea behind our construction is to use the quantum phase estimation
algorithm '~ (running on a QTM) to extract a phase ¢ which we encode in a single-
qubit unitary

1 0
Utﬂ = (O eZﬂiap) ’ (12)

thereby writing out its binary fraction expansion to the tape. However, for technical
reasons that appear to be insurmountable, it is crucial to our proof that the phase
estimation be carried out exactly, not merely with high probability. Furthermore,
the QTM should halt deterministically after a time that depends only on the input.
Without these properties, the matrix elements of the Hamiltonians we construct
will not be computable, and Theorem 2 becomes vacuous.

Recall from '~ that the phase estimation algorithm acts on N output qubits
initialised on |+) = \/Li 10y +|1)) = H|0) (H the Hadamard matrix (! _!)) and one
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auxiliary qubit initialised to |1), and has two stages. In the first stage, it loops
throughout all output qubits and applies on the auxiliary qubit the unitary U;"_l
controlled by the n'™ output qubit (see Figure 2.) The final state of the output

0y —{H] 0) + @9 |1)

0y —{H] 0) + @) |1
0y —{H] = 0) + &> 1)

0y —{H] x 0) + €27 |1)

) ——— U U U = U D

Supplementary Figure 2: Quantum phase estimation, control-phase stage. The first
stage of the quantum phase estimation circuit for ¢ (cf. Fig. 5.2 in Ref. 12).

register after this stage is

ZLN (|0> + eZm‘O.tpN |1>) (|0> + eZniO.goN,lgoN |1>) o

2

. (|()> + @202 oN-19N |1>) <|0> + 270192 n |1>) (13)

where ¢, denotes the k’th digit in the binary fraction expansion of ¢.

If ¢ has an exact binary fraction expansion with n = |¢| binary digits, i.e.
¢ = 0.¢1¢; - - - ¢, written in binary with ¢, € {0, 1} and ¢,, = 1, then the first N — |¢|
qubits are in the |+) state (which can be converted to |0)’s by Hadamard gates).
The next register (the one in position N — |¢| + 1) is in the |-) = \/Lj (|0) — |1)) state
(which is converted to |1) by the Hadamard gate). This qubit is therefore singled
out.

The second stage is to perform the inverse Quantum Fourier Transform on the
last n output qubits (see Figure 3), which leaves the n digits of the exact binary
fraction expansion of ¢ written on the last n output qubits. For that, the only gates
that are needed are the Hadamard and the controlled-U,-i gate.

This shows that, just using the Hadamard, the controlled-U, and the con-
trolled-U,- gates (both depending only on the external parameter ¢), one is able
to design a quantum circuit that outputs the |¢| bits of ¢ exactly for the case in
which the number of digits in the binary fraction expansion of ¢ is finite and < N.
By constructing explicitly a QTM which implements the above circuit, it is not
difficult — though tedious — to prove the following theorem. The details can be
found in .
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P 1 2 lel .
0) + €270-1-Jn |1 I U,y H Us |— e U;j@ i

0) + €202 1) B i)

10) + £270:dn-1Jn |1 Ug‘il ljn-1)
|0> + eeriOAj,, |1> _| H l |]n>

Supplementary Figure 3: Quantum phase estimation, inverse QFT stage. The
inverse QFT stage of the quantum phase estimation circuit (cf. Fig. 5.1 in Ref. 12).

Theorem 3 (Phase-estimation QTM) There exists a family of properly behaved
QTMs P, indexed by n € N with the following properties:

(i). Both the alphabet and the set of internal states are identical for all P,; only
the transition rules differ.

(ii). Oninput N > |n| written in unary, P, has deterministic head movement, halts
deterministically after O(poly(N)2V) steps, uses N + 3 space, and outputs
the binary expansion of n (padded to N digits trailing 0’s). (As above, |n|
denotes length of the binary expansion of n.)

(iii). For each choice of states p, q, alphabet symbols o, T and directions D, the
transition amplitude 6(p, o, 7, q, D) is, independently of n, one of the elements
of the set

(0,1, £, ¢, ™}, (14)

the only dependence on n being that implicit in ¢ which is defined as the
rational number whose binary fraction expansion contains the digits of n
after the decimal point.

Some remarks are in order:

e The input N does not determine the output string that gets written to the
tape; it only determines the number of qubits in the associated quantum
circuit and hence the number of binary digits in the output. As happens in
the quantum circuit analysed above, the number represented by that output is
determined (up to padding with trailing zeros) by the choice of the parameter
n (or equivalently ¢) for the QTM P,,.

e By “properly behaved QTM” we mean well-formed, normal form and unidi-
rectional according to the standard definitions in~, to which we also refer for
the formal definition of a QTM.
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e A QTM is said to have deterministic head movement on an input if, when
started with that input, the QTM never enters a configuration in which the
head is in a superposition of different locations.

e The form of the elements of the transition amplitudes simply reflects the fact
that only Hadamard, controlled-U,, and controlled-U,-w gates are being used
in the circuit. The definition of ¢ for desired output 7 is also clear by looking
at the output of the phase estimation circuit.

e The universal QTM construction of Bernstein and Vazirani~ shows that any
quantum circuit can be implemented on a QTM up to some error, not exactly.
Therefore, one cannot rely on previous results and must construct explicitly
the desired QTM.

o If N < |n|, so that the number of binary digits in the phase exceeds the
number of qubits in the circuit, we make no claim about the behaviour of the
QTM; it could leave an arbitrary string (or even quantum state) written on its
tape, or it could even run forever.

In this way, if we consider the phase-estimation QTM P, and feed its output n
into a universal TM, the local Hilbert space dimension of the Hamiltonian encoding
this sequence of Turing Machines will be constant (assuming the properties of the
Gottesman-Irani construction~ carry over), solving the first problem highlighted in
Section 3. The next section discusses in more detail how to encode computation
into a Hamiltonian.

5 Translational invariance

Gottesman and Irani~ showed how to construct a fixed Hamiltonian on a 1D chain,
that can encode in its ground state the evolution of a QTM for a number of time-
steps polynomial in the length L of the chain. The input to the QTM in their
construction is determined by the chain length. They accomplish this by first
constructing a translationally-invariant clock to keep track of time, which runs
for a total of L steps. This clock drives a binary counter TM for L steps, leaving
the binary representation of L written on the tape. The clock is then reset, and
switches over to driving the QTM. The binary counting TM and the QTM share
the same tape, so the input to the QTM is the binary representation of L. It is
important to note that the local Hilbert space dimension in the Gottesman-Irani
construction~ depends only on the alphabet size and number of internal states of
the Turing Machines (plus some constant multiplicative overhead for the clock).
However, in our case we are interested in the thermodynamic limit. The
Gottesman and Irani- result per se does not achieve what we need. We cannot use
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the chain length to encode the input to the QTM, as we are only concerned with
the limit as the length tends to infinity. Instead, we want to encode the input to the
QTM in the Hamiltonian itself, and carry out the same computation for any chain
length.!

Given our quantum phase estimation QTM from the previous section, it is clear
how we should adapt the Gottesman-Irani construction- to achieve what we need.
Instead of the binary counter TM, we first run our phase estimation QTM. Provided
the chain length is sufficiently large that L > |n|, the phase-estimation QTM will
write the desired string to the tape and then halt. We then switch to driving a
universal reversible TM which shares the same tape.

Whilst this approach does ultimately work, there are a number of technical
issues to overcome. In particular, the length of the computation in the Gottesman-
Irani construction - is limited by the maximum number of time-steps that the clock
can encode, which is O(poly L). Whereas our phase-estimation QTM requires time
O(poly(L)2%) on input of length L.

There are a number of ways around this. Perhaps the simplest — and the one we
adopt — is to modify the Gottesman-Irani clock construction” to count in base ¢
instead of unary, so that the clock can encode at least Q(¢7) time-steps, at the price
of substantially complicating the analysis. A full proof can be found in ', including
a detailed analysis of the required spectral properties of the resulting Hamiltonian
that was only sketched informally in Gottesman and Irani-.

Theorem 4 (Local Hamiltonian QTM encoding) Let C¢ = span{<), 3} C‘®
C2 be the local Hilbert space of a 1-dimensional chain of length L (C€ corresponds
to the clock register and C2 to the computational register), so that the Hilbert space
of the whole chain is H(L) = (CY)®L. For any properly behaved Quantum Turing
Machine M with alphabet %, set of states Q and transition amplitude function 6 and
for any constant K € N, we construct a two-body interaction h € B(C? ® C?) such
that the 1-dimensional, translationally-invariant, nearest-neighbour Hamiltonian
H(L) = Y2 h%*D € B(H(L)) on the chain of length L > K + 3 has the following
properties:

(i). d depends only on the alphabet size and number of internal states of M.

(ii). h > 0, and the overall Hamiltonian H(L) is frustration-free for all L (i.e. the
ground energy of H(L) is O for all L).

'In their paper”, Gottesman and Irani also provide a construction for infinitely long chains.
However this works by adding terms to the Hamiltonian which effectively break up the chain into
segments of length L, and the finite chain-length construction then goes through independently for
each segment. This is also not what we want, as it means that, despite the infinitely long chain,
there is still a finite bound L on the space available for the computation.
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(iii). When restricted to the subspace S;, C H(L) with |<),|>) at the left and
right ends of the chain, respectively, the unique ground state of H(L)|s,, is a
computational history state encoding the evolution of M on input consisting
of a string of L— K — 3 ‘I’s, running on a finite tape segment of length L — 3.

Moreover, if M has deterministic head movement on input consisting of a string of
L—-K -3 ‘I’s, then:

(iv). The computational history state always encodes Q(|Z x Q|*) time-steps. If
M halts in fewer than the number of encoded time steps, exactly one |y,)
has support on a state |T) that encodes a halting state of the QTM. The
remaining time steps of the evolution encoded in the history state leave M’s
tape unaltered, and have zero overlap with |T).

(v). If M runs out of tape within a time T less than the number of encoded time
steps (i.e. in time-step T + 1 it would move its head before the starting cell or
beyond cell L — 3), the computation history state only encodes the evolution
of M up to time T. The remaining steps of the evolution encoded in the
computational history state leave M’s tape unaltered.

(vi). If P, is a family of QTMs which satisfies part (iii) of Theorem 3, then h has
the following form

h=A+(E™B+e™"C+he) (15)

with B,C € B(C¢ ® C% independent of n with coefficients in 7, and A €
B(CY ® C%) Hermitian, independent of n, with coefficients in 7, + \/%Z.
Thus we have succeeded in overcoming the constant local dimension obstacle
of the QMA constructions discussed in Section 3. However, simply adding a local
term to this Hamiltonian that gives an additional energy penalty to the halting state
does not work, for the reasons discussed previously: the energy difference between
the halting and non-halting cases decreases polynomially with the system size. So
all dependence of the ground state energy on the outcome of the computation still
vanishes in the thermodynamic limit.

6 The thermodynamic limit

The more challenging obstacle of the thermodynamic limit still remains. To address
this, we first return to tiling problems. However, instead of using these blindly, as in
the Wang tiling approach described in Section 2 where only undecidability of tiling
was used, we prove and then exploit very particular properties of an aperiodic tiling
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due to Robinson '*. These will allow us, using the ideas discussed in Sections 4
and 5, to encode in a quantum local Hamiltonian the execution of many copies of
the same universal Turing Machine running on the same chosen input, but running
on tapes of all possible finite lengths and for every possible finite run-time.

The idea of encoding the evolution of many copies of the same Turing Machine
on tapes of all possible finite lengths, instead of encoding the evolution of a
single Turing Machine on an infinite tape, dates back to Berger’s original proof of
undecidability of tiling . '~ also used the same idea in his simplification of Berger’s
proof. However, our reason for exploiting this idea is somewhat different. In our
case, it is the crucial ingredient that allows us to decouple the energy dependence
of the computational history ground state — a purely quantum property — from the
overall system size.

A A
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Supplementary Figure 4: The five basic tiles of Robinson’s tiling. The tile set
includes the basic tiles (top) and all rotations and reflections thereof. These tiles
are unambiguously identified by a simplified schematic representation (bottom)
showing only the orientation of complete off-centre arrows.

The Robinson tile set can tile the infinite plane, but only aperiodically. The
aperiodic pattern generated by a Robinson tiling is shown in Figure 5, which has
the crucial (for our purposes) quasi-periodic structure consisting of squares of
increasing size. The pattern is produced by the five basic tiles shown in Figure 4
and all rotations and reflections thereof, together with extra colour and parity
markings not shown in the figure (see = or for details). The top edges of the
squares in Figure 5 are called segments. These have sizes 4" + 1, n € N, and repeat
with period 2%"*!,

We have already seen in Section 2 that tiling problems can easily be turned into
translationally-invariant classical Hamiltonians. So we can readily turn this into a
classical Hamiltonian whose ground state has the same quasi-periodic structure
as the Robinson tiling. The idea is to add another “layer” on top of this tiling
Hamiltonian, and use this second “quantum” layer to place copies of the history-
state Hamiltonian from the previous section along the top edges (segments) of
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Supplementary Figure 5: Robinson’s aperiodic tiling. Schematic depiction of the
pattern produced by Robinson’s aperiodic tile set. Only the part of the pattern
relevant to the proof is shown, using the simplified tile representation of Figure 4.
(Tile boundaries are omitted for clarity; cf. Figure 3 in the main text.)
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all the squares in Figure 5. (Of course, this has to be done by adding additional
translationally-invariant local terms to the Hamiltonian that effectively restrict
where the 1D Hamiltonian acts, not by literally restricting the 1D Hamiltonian to
the square borders, which would break translational invariance.)

In this way, we construct a 2D translationally-invariant local Hamiltonian
whose ground state contains an encoding of the evolution of the universal Turing
Machine along each segment in the Robinson tiling. The effective tape length
of this Turing Machine is limited only by the size of the segment it “runs” on.
But the Robinson tiling contains segments of all sizes of the form 4" + 1. So this
Hamiltonian encodes Turing Machines with all possible power-of-4 tape lengths.
Note that all of these Turing Machines are running on the same input, encoded in
the phase ¢ which appears in a matrix element of the translationally-invariant local
interaction.

If the universal Turing Machine eventually halts on this input, then for all
segments above a certain size the effective tape will be sufficiently long for the
machine to halt before it runs out of tape space. If we add a translationally-invariant
local term that penalises the halting state, then the ground state will pick up an
additional energy from the history states encoding Turing Machines that halt. This
energy still decreases with the size of the system it acts on. But, crucially, this
size is now the size of the segment it is “running” on, not the overall system size.
We have decoupled the ground state energy from the overall system size. It now
depends only on the space required for the universal TM to halt.

If the universal Turing Machine never halts on the given input, then it will not
pick up any additional energy, providing the tape is sufficiently long for the phase-
estimation QTM to operate correctly. However, if the effective tape length (segment
length) is too small to contain the number of digits in the exact binary fraction
expansion of the phase ¢, then the quantum state left on the tape by the phase-
estimation QTM is some arbitrary quantum state (see Section 4). In this case, we
cannot assume that the universal Turing Machine runs forever, since its input may
be corrupted. Thus, even in the non-halting case, the ground state will pick up some
additional energy from segments that are too small. But, crucially, we know the
maximum size of these segments: it is determined by the number of binary digits
in ¢ — an external parameter of the Hamiltonian which we choose. The contribution
to the energy density from the small segments is therefore a computable number, «,
given e.g. by brute-force diagonalisation of the Hamiltonian on the small segments.
Indeed, since this is an eigenvalue computation, this quantity is in fact an algebraic
number. The number of segments of any given size grows quadratically in the
lattice size, so the total energy contribution from the small segments (which is
also present in the halting case) can be removed by subtracting an appropriately
weighted one-body term —a/1 from the Hamiltonian, which simply amounts to an
overall energy shift.
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We have managed to construct a family of Hamiltonians whose ground state
energies depend on the solution of the corresponding Halting Problem. However,
this is still not sufficient to prove Theorem 2. The difference in ground state energy
between the halting and non-halting cases (the “promise gap”’) depends inverse-
polynomially on the space required for the universal Turing Machine to halt. Thus,
not only does this fail to provide a uniform bound on the promise gap as required,
this promise gap is uncomputable.

In fact, this is a limitation of the above analysis, not the true situation. Instead
of being uncomputably small, as the above argument suggests, the true promise gap
for this Hamiltonian is infinite! To show this requires a more careful analysis of the
low-lying eigenvalues (low-energy excitations). It is easy to see that the eigenstate
consisting of a valid tiling together with computational history states along the
segments has energy that diverges with the lattice size in the halting case; once the
lattice is large enough, the number of segments that are sufficiently large for the
encoded Turing Machine to halt grows quadratically, and each of them contributes
a small but non-zero energy. The difficulty is that, since its energy diverges, this
eigenstate may not be the ground state in the halting case; we might be able to
lower the energy by introducing defects in the tiling layer, thereby “breaking” some
of the Turing Machines.

In', we prove strong rigidity properties of the Robinson tiling, which show
that the tiling pattern is robust against defects: any defect (pair of non-matching
adjacent tiles) in the tiling only affects the pattern of segments in a finite ball
around the defect. Thus destroying n segments requires O(n) defects, each defect
contributes O(1) energy due to the tiling part of the Hamiltonian, and Turing
Machines on intact segments contribute O(1) energy. Therefore, no matter how
many defects we introduce, the energy will still grow quadratically with the lattice
size. The promise gap therefore diverges quadratically in the thermodynamic limit.
Thus we in fact obtain a stronger result than the uniform bound on the promise gap
required for our main result; since the ground state energy diverges quadratically
and our system is on a 2D lattice, this in fact proves undecidability of the ground
state energy density, as claimed in Theorem 2.

We will devote the rest of this supplementary material to making this argument
rigorous, based on Theorem 3, Theorem 4 and the following theorem, which
formalises the rigidity property of the Robinson tiling.

Theorem 5 (Segment rigidity) In any tiling of an LXH rectangle (width L, height
H) with d defects using modified Robinson tiles, the total number of segments of

size 4" + 1 is at least | H/2*"*'|(LL/2*"*'| — 1) — 2d. For the case of no defects
d = 0, this minimum can be attained simultaneously for all n.

Remark: This is proven in ' only for a suitable modification of Robinson tiles which
still gives the desired pattern of Figure 5.
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7 Undecidability of the g.s. energy density — proof
To prove Theorem 2, we will need 1D translationally-invariant Hamiltonians with
a particular set of properties. For conciseness, we will call these “Gottesman-Irani
Hamiltonians”, captured in the following definition:

Definition 6 (Gottesman-Irani Hamiltonian) Let C© be a finite-dimensional Hilbert
space with two distinguished orthogonal states labelled | <), |>)). A Gottesman-
Irani Hamiltonian is a 1D, translationally-invariant, nearest-neighbour Hamilto-
nian H,(r) on a chain of length r + 1 with local interaction h, € B(C2 ® C9),
which satisfies the following properties:

(i). hy> 0.

(ii). [hg, | ONLIBIQNQI] = [hy, [ONKSQISISNS] = [hy, [DHSIRIQNKLI] =
(74, DN @ |&N>)]] = 0.

(iii). Ap(r) = Ag(Hy(r)ls,,) < 1, where Sy, is the subspace of states with fixed
boundary conditions |<) ,|(>)) at the left and right ends of the chain, respec-
tively.

(iv). Yne N : 1p(4") > 0and Y7, 2(4") < 1/2.

(v). Ao(Hy(r)ls.) = Ag(H,(r)ls.) = 0, where S and S are the subspaces of states
with, respectively, a |<) at the left end of the chain or a |>) at the right end
of the chain.

Lemma 7 (Robinson + Gottesman-Irani Hamiltonian)
Let I®V, <! € B(CE ® CC) be the local interactions of the tiling Hamiltonian
associated with the modified Robinson tiles. For a given ground state configuration
(tiling) of H,, let L denote the set of all segments of the lattice, that is, horizontal
lines that lie between E and El tiles (inclusive). Let h, € B(C2 ® C2) be the
local interaction of a Gottesman-Irani Hamiltonian H,(r), as in Definition 6.
Then there is a Hamiltonian on a 2D square lattice of width L and height H
with nearest-neighbour interactions h™, h*® € B(CC*2+! @ C+C*1 such that, for
any L, H, the ground state energy

Ao(HM") = mi Ao(€D), 16
o(HN) Lrg{g); oll£1) (16)

where the minimisation is over all valid tilings of the L X H rectangle.

Proof The idea is to sandwich the two Hamiltonians H. and H, together in two
“layers”, so that the overall Hamiltonian acts as H, on the c-layer, with constraints
between the layers that force low-energy configurations of the g-layer to be in the
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auxiliary |0) “blank” state, except between pairs of | [) and | ) states appearing
in the same row of the c-layer, where the g-layer acts like H, on that line segment.
(See Figure 3 in the main text.)

To this end, define the local Hilbert space to be H = H,. ® (H, & H,) =
C ®(|0y@C?). The Hamiltonian H is defined in terms of the two-body interactions

as follows:
RO, =h @ 1Y) @ 141 (17a)
K =™ ® 15 @ 15 (17b)
+190 1"V ®h, (17¢)
1@ © 1y - 1OX@DP @ 16D (17d)
+ @ - 1EAXE? @ 10x@” @ 16D (17¢)
19, o IEIE]L ® (1, - 1eXE)Y (179)
+19 01 - IEED " e 1o (17g)
+ 19 @ 0)0” ® IF]}E]L T @ 160 (17h)
+ @@L @12 ® 19 @ 0y(0[" (17i)

+19®10)01P ® (L. — I[IX[F1)*" ® (Lo, — 10)01)D (17))
+ (L~ IRIXR]D? ® (1., - 100l)? ® 15V @ [0)0[S*",  (17k)

where 1., 1., and 1., are the identity operators on the corresponding Hilbert
spaces. The Hamiltonian can be understood as follows. (17d) and (17¢) force a
|<)) in the g-layer whenever there is an ||E) in the c-layer. (17f) and (17g) do
the same with |(>)) and | m ). (17h) and (17i) force non-blank to the left and right
of an |E|) or ||E ), respectively. Finally, (17j) and (17k) force a non-blank to
the left and right of any other non-blank in the g-layer, except when a non-blank
coincides with an | [d)or | H1) in the c-layer.

One can easily see ' that there is a basis of eigenstates of H of the form |T). |¢/) ,
where |T'), is a product state in the canonical basis of the c-layer.

For a given classical tile configuration |T'). on the c-layer, let £ denote the set
of all horizontal line segments ¢ that lie between an ||E> and an |E|) (inclusive)
in the classical configuration |7'). (without any other IE or m in between them).
Let £, denote the set of all horizontal line segments between an IE and the right
boundary of the region, and similarly Lk the horizontal line segments between
the left boundary and an El (in both cases, also without any other E or El in
between).

The associated energy (7. (wqulT)c |:,l/)q can be see to be > (T|H/T) +

cer Ao(€]) . Moreover, for a configuration 7" given by a valid tiling, the associated

WWW.NATURE.COM/NATURE | 20



doi:10.1038/nature16059 {2\ {H; W SUPPLEMENTARY INFORMATION

energy is indeed
> Ao(le). (18)
teLl
This is attained by choosing the state 1)), consisting of the ground state of H,({)
in the g-layer for each ¢ € L, a 0-energy eigenstate of H,({) in the g-layer for
each £ € L; U L, and |0) everywhere else in the g-layer. In this case the set L is
given by exactly the segments, that is, top borders of the squares appearing in the
pattern of Figure 5. By Theorem 5, (18) is minimised among all valid tilings by
the quantity

[logy(L/2)]

E(O defects) = (bi ]J({22];+1J—1))AO(4"). (19)
n=1

On the other hand, since each defect in the classical tile configuration con-
tributes energy at least 1 from the 4. term, Theorem 5 implies that the energy of an
eigenstate with d defects on the L X H rectangle is at least

Llog,(L/2)] H L
E(d defects) = d+ Aot = d+ Y ({FJ (5]~ 1)- 2d),10(4"), (20)
teL n=1

Since ), Ao(r) < 1/2 by assumption for a Gottesman-Irani Hamiltonian (see
Definition 6), we have for all d > 0

Llog4(L/2)]
E(d defects) — EO defects) > d (1 2y 10(4")) > 0. 1)

n=1

The Lemma follows. O

We can now apply this Lemma to construct a Hamiltonian £, with ground state
energy that is undecidable even with a constant promise on the energy gap.

Proposition 8 (Diverging g.s. energy)
We can construct a family of interactions h'*(n), h*”(n) € B(CY ® CY) and
h(u]) (n) € B(CY) with operator norm < 3 and algebraic matrix entries, and strictly
positive functions 0/1 (n), ap(n), 6>(n), aj(n), 6,(n) (where the a functions are com-
putable and the ¢ functions are uncomputable), such that either /lO(Hf,\ (L)(n)) =
—La' (n) + ao(n), or o(H (n)) = L*65(n) — L[a"(n) + 61(n)], but determining which
is undecidable.

Moreover; the interactions can be taken to have the following form: P (n) =
ax(n)1 with ay(n) an algebraic number < B computable from n, h)”"(n) {0, B}-
valued and independent of n and

he'(n) = B(A+e™B+ ™" C) +hee. (22)
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where A € B(CY ® CY) is independent of n and has coefficients in 7. + \%Z,

B, C € B(CY ® CY) are independent of n and have coefficients in Z, and B € Q) is
independent of n and can be taken as small as desired. Recall that ¢ is defined as
the rational number whose binary fraction expansion contains the digits of n after
the decimal point.

Proof Let iy be the Hamiltonian obtained by applying Theorem 4 with K = 3
to the QTM from Theorem 3 with a properly behaved reversible universal TM
dovetailed after it. The Hamiltonian A,(n) in Lemma 7 will then be h,(n) =
hgo(n) + |TXTI® 1+ 1 ®|T)(T|, where |T) is the halting state of the universal TM.
h, clearly has the form given in part (vi) of Theorem 4. Moreover, this Hamiltonian
is a Gottesman-Irani Hamiltonian according to Definition 6. The key observation
for this (see Ref. 1) is the following estimate.

Let [¢) = \/LT Z,T:1 ;) ;) be the normalised computational history state for
the QTM, where T = Q(|Z x Q") and |,) is the state encoding the ™ step of the
computation. Note that |yr) is a zero-energy eigenstate of H,y, and at most one [1},)
can have support on the state | T) that represents the halting state of the universal
TM, by Theorem 4. For r > 2, we have

Ao(r) < (WIH (D) = W {Z hyy () + ITXT ® Ligy + 1@ |T><T|,~+1] )

T 1 1
Zl —wi (Z ITHT® Loy + 1, ® |T><T|,~+1) W) < 0(|2 x QI’)'

(23)

Let 2/%(n), h"™ (n) be the local interactions obtained by applying Lemma 7
to hy(n). Let N(n) := max{|[h"" (n)|, |lh<°!(n)||}, and take a rational number 5 < ﬁ
for all n. Such g exists by the form of &, guaranteed by part (vi) in Theorem 4
and the definition of fz{f’w(n), ﬁ;"lumn(n) based on h,. Define the normalised local
interactions A% (n) := BA%(n), K™ (n) 1= AN (n).

For any r > |n| + 6, the QTM from Theorem 3 has sufficient tape and time to
finish, and we can be sure that the reversible universal TM starts. (Here, |n| once
again denotes the number of digits in the binary expansion of n.) If the universal
TM does not halt on input n, then for all r > |n| + 6 we have that 1y(r) = 0. By
Theorem 5, the minimum number of r-segments in any tiling of an L X L square (for
r=4" meN)is|L/2r|(|L/2r] — 1), and this minimum can be attained for all r
simultaneously. Hence, as long as we take L > Ly(n) where Lo(n) is the minimal L
such that the modified Robinson tiling of A(L) necessarily contains a 4™-segment
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of size 4™ > |n| + 6, then Lemma 7 gives a ground state energy for H*P(n) of

Ao(HV) = B min Z/lo(lfl) -5 > |5l(5]- 1) e

1<r<|n)+6 21’
r=4", melN
Ao(r) Ao(r) L
72 0 _ 0 it
=L [ﬁ Z 4r? ] L[ﬁ Z 2r (2frac(2r)+ 1)
1<r<|n|+6 1<r<n)+6
r=4", meIN r=4", melN
L L
w8 Y frac(;)(frac( 2r) ; 1) (24b)
1<r<|n|+6
r=4" melN
= L*>ay(n) — Lay(n, L) + ap(n, L), (24c¢)

where frac(x) := x — | x] denotes the fractional part of x. Note that the number of
terms in the sums are finite, and for all finite r the quantity A(r) is an eigenvalue
of a finite-dimensional matrix. Therefore, a,(n) is always a algebraic computable
number. We also have

34
dim=p ) (r)<a1(n n<g Y 2w e

1<r<|nl+6 1<r<|n|+6 21"
r=4" melN r=4", melN
Ao(r
0<apnL)<B ) °( — (26)
1<r<|n|+6
r=4", meIN

If the universal TM does halt on input n, then for any r larger than the size of
tape needed to halt it is clear that 1o(r) > 0. This follows immediately from the
fact that the computational history state encoding the evolution (which necessarily
has support on |T)) is the unique ground state of 4,9, and h, > 0. Let r;(n) be the
minimal such r of the form 4”. Then by Lemma 7, the ground state energy of H®
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is

A(HYD) = p min_ > Ao(1€) (272)
teL
0 3 [EE- e -0 3 (EIE]- e
r=4"_ meN r=4", meN
(27b)
_ Ao(7)
=L*|ay(n) + B rzz%gm 12
- Llay(n)+p r;) /lg(rr) (2frac (%) + 1)
rd melN

rlam+p Y ﬂo(r)frac(%)(frac(£)+l) 27¢)

r=ri(n) 2r
r=4", meN

=: L*[ay(n) + 62,(n)] — L[y (n, L) + 6,(n, L)] + ao(n, L) + 8o(n, L).

(27d)
Note that 9,(n) > 0, since in the halting case Ay(r) > 0 for all r > r|(n), and
B ;) A‘;(:) <6(nL)<p ;“) % = 6,(n), (28)
r=4" meN r=4", meN
0<8nL)<p Y ) . 5o, (29)
AN

We now modify i(n) by adding the 1-body term A\’ = —a,(n)1 acting at each
site. The ground state energy of H P is simply shifted by exactly —L>a»(n), so in
the non-halting case we have

A(HP) = —~Lay(n, L) + ap(n, L) < —La(n) + ap(n). (30)
In the halting case, we have

Ag(HMY) = L26,(n) — L{a;(n, L) + 6,(n, L)] + a(n, L) + 6o(n, L)

2 (31
> L5,(n) — L[a{(n) + 61(n)].

The Proposition follows from undecidability of the Halting Problem. O
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Undecidability of the ground state energy density (Theorem 2) is now immedi-
ate from Proposition 8 by the definition E,, := lim; ., Ao(H*")/L? of the ground
state energy density. Undecidability of the spectral gap then follows from the
construction discussed in the main text.
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